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SOLAR ACTIV ITY  PREDICTION 
F INAL REPORT o n  N A S A  o r d e r  H-54409A 
R a l p h  J. S l u t z ,  Thomas B .  G r a y ,   M a r i e  L. W e s t ,  
F r a n k  G .  S t e w a r t   a n d   M a r g o   L e f t i n  
PART I: SUNSPOT NUMBER PREDICTION 
1. INTRODUCTION 
T h i s  i s  t h e   f i n a l   r e p o r t   o n  a s t u d y   o f   s o l a r   a c t i v i t y  
p r e d i c t i o n   w h i c h  was u n d e r t a k e n   i n   r e s p o n s e   t o  N A S A  o r d e r  
H - 5 4 4 0 9 A .  A good  summary o f   t h e   b a c k g r o u n d   o f   t h e   s t u d y   i s  
g i v e n   i n   t h e   o r d e r :  
" A c c u r a t e   p r e d i c t i o n s   o f   a t m o s p h e r i c   d e n s i t y  
s e v e r a l   y e a r s   i n   a d v a n c e   a t   o p e r a t i n g   a l t i t u d e s   o f  
o r b i t i n g   v e h i c l e s   a r e   e s s e n t i a l   f o r   o p t i m u m   o r b i t a l  
p l a n n i n g   a n d   s p a c e c r a f t   l i f e t i m e   s t u d i e s   f o r   s e v -  
e r a l   h i g h - p r i o r i t y  M S F C  p r o g r a m s ,   i n c l u d i n g   t h e  
A p o l l o   A p p l i c a t i o n s   P r o g r a m ,   t h e   S a t u r n  V Workshop ,  
a n d   t h e   p r o p o s e d   L o g i s t i c s   V e h i c l e .  I t  w o u l d   b e  
d e s i r a b l e   t o   p r e d i c t   h e   a t m o s p h e r i c   d e n s i t y   d i r e c -  
t l y ,   b u t   t h i s  i s  n o t   y e t   p o s - s i b l e   s i n c e   d e n s i t y  
m e a s u r e m e n t s   h a v e   b e e n   o b t a i n e d   f o r   o n l y   a b o u t   h e  
p a s t   t e n   y e a r s .   F o r t u n a t e l y ,   v a r i a t i o n s   i n   d e n s i t y  
a t  h i g h   a l t i t u d e s  show a h i g h   c o r r e l a t i o n  w i t h  v a r -  
i a t i o n s   i n   s o l a r   a c t i v i t y ;   i . e . ,   s u n s p o t   n u m b e r  
( W o l f e   n u m b e r )   o r   m e a s u r e m e n t s   o f   t h e   s o l a r   a d i o  
f l u x   a t   d e c i m e t r i c   w a v e l e n g t h s   ( 1 0 . 7   c m ) .   M e a s u r e -  
m e n t s   o f   t h e   1 0 . 7  cm s o l a r   r a d i o   f l u x   h a v e   b e e n  
made o n l y   s i n c e  1 9 4 7 ;  h o w e v e r ,   t h e   Z u r i c h   r e l a t i v e  
s u n s p o t   n u m b e r s   c o n s t i t u t e  a h i g h l y   h o m o g e n e o u s  
s e r i e s   e x t e n d i n g   b a c k   t o  1849,  w h i l e   l e s s   r e l i a b l e  
d a t a   e x t e n d   t h e   s e r i e s   b a c k   t o  1 7 4 9 .  S i n c e   t h e  
c o r r e l a t i o n   i s   v e r y   h i g h   b e t w e e n   s u n s p o t   n u m b e r s  
a n d   a t m o s p h e r i c   d e n s i t y   a t   s a t e l l i t e   a l t i t u d e s   f o r  
t h e   p e r i o d   d u r i n g   w h i c h   t h e   l a t t e r   h a v e   b e e n   o b -  
s e r v e d ,   c o n c l u s i o n s   r e a c h e d   f r o m   t h e   s t u d y   o f   s u n -  
s p o t   d a t a  may b e   a s s u m e d   t o   a p p l y  t o  h i g h   a l t i t u d e  
a t m o s p h e r i c  d e n s i t y  as  we1 1 .  
S u n s p o t   p r e d i c t i o n   m e t h o d s   t o   d a t e   h a v e   p r i -  
m a r i l y   b e e n   b a s e d   o n   a n   a n a l y s i s   o f   p a s t   d a t a   a s  a 
f u n c t i o n   o f   t i m e ,   t h e   p r e d i c t i o n   b e i n g  an e x t r a p o -  
l a t i o n   o f   t h e   s t a t i s t i c a l   a n a l y s i s   t o  some f u t u r e  
t i m e .   I n  1 9 4 9 ,  L i n c o l n   a n d   M c N i s h   ( t h e n   e m p l o y e e s  
o f  t h e   C e n t r a l   R a d i o   P r o p a g a t i o n   L a b o r a t o r y )   s u g -  
g e s  t e d  t h a t  u s i n g  t h e  mean o f  a1 1 p a s t  s o l a r  c y c l e s  
a s   a n   a p p r o x i m a t i o n   f o r   t h e   n e x t   c y c l e   c o u l d   b e  i m -  
p r o v e d   a f t e r   t h e   b e g i n n i n g  o f  t h e   c y c l e   b y   a d d i n g  
t o   t h e  mean a c o r r e c t i o n a l   p r o p o r t i o n a l   t o   t h e   d e -  
p a r t u r e  o f  t h e   e a r l i e r   v a l u e s   o f   t h e   c y c l e   f r o m   t h e  
m e a n .   T h i s  i s  t h e   b a s   i s   f o r   t h e   L o c k h e e d   m o d i  f i c a -  
t i o n  o f  t h e   L i n c o l n - M c N i s h   p r e d i c t i o n   m e t h o d ,   w h i c h  
i s  c u r r e n t l y   u s e d   b y  M S F C  f o r   s o l a r   p r e d i c t i o n .  
M o r e   a c c u r a t e   f o r e c a s t s   o f   s o l a r   a c t i v i t y   a r e   n e e d e d  
t h a n   h a v e   b e e n   a v a i l a b l e   i n   t h e   p a s t .  A m o d i f i c a -  
t i o n   t o   p r e s e n t   m e t h o d s   o r   d e v e l o p m e n t   o f  new t e c h -  
n i q u e s  i s  r e q u i r e d   t o   p r o v i d e   m o r e   a c c u r a t e   s o l a r  
a c t i v i t y   f o r e c a s t s .  A d e t a i l e d   t h e o r e t i c a l   i n v e s -  
t i g a t i o n   o f   t h e   p h y s i c a l   t h e o r y  o f  s u n s p o t   f o r m a -  
t i o n  i s  b e y o n d   t h e   s c o p e   o f   t h i s   s t u d y ;   h o w e v e r ,  
p h y s i c a l   r e a s o n s   f o r   t h e   e x i s t a n c e  o f  s u n s p o t s   a n d  
a n y   c o n s t r a i n t s   a s s o c i a t e d   w i t h   t h e i r   p r e d i c t i o n  
s h o u l d ,   w h e n e v e r   p o s s i b l e ,   b e   i n c o r p o r a t e d   i n t o  
t h e   d e v e l o p m e n t   o f  a m o d e l   t o   f o r e c a s t   s o l a r   a c t i -  
v i   t y  . I '  
T h i s   r e p o r t  i s  made i n  two p a r t s   b e c a u s e   t h e  work was 
c a r r i e d   o u t  by two s e p a r a t e   r e s e a r c h   t e a m s .   P a r t  I ,  a u t h o r e d  
by Ralph J .  S l u t z ,  Thomas B .  Gray,  and  Marie L .  West,   de- 
s c r i b e s   t h e   s t u d i e s   u n d e r t a k e n  t o  improve  and  extend  the 
s t a t i s t i c a l   p r e d i c t i o n   o f   s u n s p o t   n u m b e r s .  P a r t  1 1 ,  a u t h o r e d  
by Frank G. Stewar t   and  Margo L e f t i n ,   d e s c r i b e s   t h e   s t u d i e s  
u n d e r t a k e n   t o   r e l a t e   m e a s u r e m e n t s   o f   s o l a r   r a d i o  f l u x  t o  
sunspot   numbers .  
The N A S A  o r d e r   c a l l e d   f o r   s t u d i e s  i n  f i v e   a r e a s :  
1 .  I n v e s t i g a t e ,   a n d   i d e n t i f y   w h e r e   p o s s i b l e ,  
i m p r o v e d   m e t h o d s   o f   p r e d i c t i n g   s o l a r   a c t i v i t y .   T h i s  
s h o u l d   i n c l u d e   c o n s i d e r a t i o n   o f   m o r e   s o p h i s t i c a t e d  
m a t h e m a t i c a l   t e c h n i q u e s ,   s u c h   a s   u s e   o f   n o n - l i n e a r  
p r e d i c t o r s .  
This i s   r e p o r t e d  i n  P a r t  I ,  and  an  improved  formula 
m a k i n g  use o f  n o n l i n e a r   p r e d i c t o r s  i s  g i v e n  i n  P a r t  I ,  s e c -  
t i o n  6 .  
2 
2. I n v e s t i g a t e   t h e   f e a s i b i l i t y  o f  d e v e l o p i n g  
t e c h n i q u e s   f o r   p r e p a r i n g   d i r e c t   p r e d i c t i o n s  o f  s o l a r  
p a r a m e t e r s   m o r e   d i r e c t l y   r e l a t e d  t o  a t m o s p h e r i c   d e n -  
s i t y ,   s u c h   a s   t h e   s o l a r   r a d i o  f l u x .  
This was examined,  b u t  t he  c o n c l u s i o n   r e a c h e d  was t h a t  
t h e  a v a i l a b l e   d a t a   s a m p l e  was t o o   s m a l l   t o   l e a d   t o   m e a n i n g f u l  
p r e d i c t i o n s   o t h e r   t h a n   t h r ' o u g h  i t s  c o r r e l a t i o n  w i t h  s u n s p o t  
n u m b e r .  T h u s  t he  e f f o r t  was c o n c e n t r a t e d  on s u c h   c o r r e l a t i o n s .  
3 .  I n v e s t i g a t e   t h e   r e l a t i o n s h i p   b e t w e e n   s u n s p o t  
n u m b e r s   a n d   s o l a r   r a d i o   f l u x   w i t h  a g o a l  o f  i m p r o v i n g  
t h e   m a t h e m a t i c a l   r e l a t i o n s h i p   b e t w e e n   t h e s e   p a r a m e t e r s .  
T h i s   s h o u l d   i n c l u d e   s t u d y i n g   s e p a r a t e l y   t h e   r e l a t i o n -  
s h i p   d u r i n g   t h e   d e c r e a s i n g   p o r t i o n  of t h e   c y c l e .  
T h i s   i s   r e p o r t e d  i n  P a r t  11 .  
4 .  D e v e l o p  a m o d e l   ( q u a n t i t a t i v e )   t o   f o r e c a s t  
s o l a r   a c t i v i t y   f o r   a t   l e a s t   o n e   s o l a r   c y c l e   ( a b o u t  
1 1  y e a r s )   i n   a d v a n c e   a n d   s u g g e s t   p o s s i b l e   a r e a s   i n  
w h i c h   f u t u r e   i m p r o v e m e n t s  may b e   e x p e c t e d .  . 
T h i s  i s  r e p o r t e d  i n  s e c t i o n s  9 a n d  11  of P a r t  I .  
5 .  Compare s t a t i s t i c a l l y   t h i s   m o d e l   w i t h   t h e  
L o c k h e e d   m o d i f i c a t i o n   o f   t h e   L i n c o l n - M c N i s h   t e c h n i q u e  
a s  u s e d  b y  MS FC . 
This  i s  r e p o r t e d  i n  s e c t i o n  10  o f  P a r t  I .  
From t h e   t i m e   t h a t   s o l a r   a c t i v i t y  was f i r s t   r e c o g n i z e d  
a s   h a v i n g   c y c l   i c a l   v a r i a t i o n s ,  t he re  have been many s t u d i e s  
o f  t h e s e  v a r i a t i o n s   a n d  many a t t e m p t s   t o   p r e d i c t  them. When 
t h e y   w e r e   f o u n d   t o   h a v e   c l o s e   c o r r e l a t i o n  w i t h  i o n i z a t i o n  
d e n s i t y  i n  t h e  e a r t h ' s  upper a tmosphe re ,  the  s t u d i e s  g a i n e d  
impetus  f r o m   t h e i r   p r a c t i c a l   a p p l i c a t i o n   t o   p r e d i c t i n g   r a d i o  
c o m m u n i c a t i o n s   c h a r a c t e r i s t i c s .  Now t h e  r e l a t i o n s h i p   t o  
a t m o s p h e r i c   d e n s i t y  g ives  a fur ther  p r a c t i c a l  impetus because  
o f  i t s  e f f e c t  on s a t e l l i t e  l i f e t i m e s .  
There a r e  two p a r t i c u l a r l y   c o m p l e t e   s u r v e y s  o f  these 
s t u d i e s ,  " S o l a r - A c t i v i t y   F o r e c a s t i n g "  by V i t i n s k i i  ( 1 9 6 2 ) ,  
a n d   " S u r v e y   o f   S o l . a r   C y c l e   P r e d i c t i o n   k o d e l s "  by Sc issum 
( 1 9 6 7 ) .  V i t i n s k i i  c o v e r s  i n  g r e a t   d e t a i l  t h e  s t u d i e s   t h a t  
have  been made on q u a l i t a t i v e  and s t a t i s t i c a l l y  q u a n t i t a t i v e  
r e l a t i o n s h i p s  among the   sunspo t   numbers   t hemse lves .   Sc i s sum 
a l s o   i n c l u d e s  some of  t h e  e a r l y  work s e a r c h i n g  f o r  r e l a t i o n -  
ships   between  sunspot   numbers   and  planetary  motions.  
, 
The  work b e i n g  r e p o r t e d   h e r e   h a s   e m p h a s i z e d   s t a t i s t i c a l  
r e l a t i o n s h i p s  among the   sunspo t   numbers   t hemse lves ,   pa r t i cu -  
l a r l y  e x t e n d i n g  t h e  e a r l i e r  s t u d i e s  i n t o  a s e a r c h   f o r  m u l t i -  
p l e   p r e d i c t o r s   a n d   n o n l i n e a r   p r e d i c t o r s .  A new fo rmula  i s  
p r e s e n t e d   ( s e c t i o n  6 )  which   appears   to  be a n  improvement 
o v e r   f o r m e r   p r e d i c t i o n   m e t h o d s .  
S o l a r   a c t i v i t y   v a r i a t i o n s   h a v e  been f o u n d   t o  b e  p a r t i c u -  
l a r l y   d i f f i c u l t  t o  p r e d i c t .  The g e n e r a l l y   a c c e p t e d   s e r i e s  
o f  o b s e r v a t i o n s   e x t e n d s   b a c k   f o r   o v e r  200 y e a r s ,  a1 though 
t h e  f i r s t  80 y e a r s  o f  t h a t  t ime   were   p i eced   t oge the r   f rom 
h i s t o r i c a l   r e c o r d s  o f  o b s e r v a t i o n s  made b e f o r e   t h e   " s u n s p o t  
number'' was d e f i n e d   o r   t h e   o b s e r v a t i o n s   s t a n d a r d i z e d  i n  any 
way.  Even w i t h  so long  a p e r i o d ,  when t h e   d a t a   a r e   s e p a r a t e d  
i n t o  c y c l e s   t h e r e   a r e   o n l y  1 9  o f  them, and  they v a r y  s o  much 
t h a t  i t  a lmost   seems  as   though  each  cycle  i s  unique  i n  some 
way or o t h e r .   F o r   i n s t a n c e ,   c y c l e  n u m b e r   1 9 ,   t h e   l a t e s t   o n e  
comple t ed ,  was the h i g h e s t  i n  h i s t o r y   a n d  i t s  e x t r e m e   h e i g h t  
was o n l y   v e r y   p o o r l y   p r e d i c t e d .  Now t h e   c u r r e n t   c y c l e ,  n u m -  
b e r  2 0 ,  h a s  been   decreas ing   f rom i t s  maximum  uch more s lowly  
t h a n  any  cyc le  i n  t h e  -we1 1 - o b s e r v e d  s e t .  The v a r i a b i  1 i t y  o f  
t he  c y c l e s  i s  s o  g r e a t ,  a n d  t h e  number  of   cycles  i s  s o  s m a l l ,  
t h a t  many predict ion  methods  have  been  proposed  and  then 
f o u n d   t o   f a i l   s h o r t l y   a f t e r   b e i n g   p r o p o s e d .  
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For  t h i s   r e a s o n  we h a v e   t r i e d  t o  be p a r t i c u l a r l y   c o n s e r -  
v a t i v e  i n  t h e   u s e   o f   s t a t i s t i c s   i n   t h i s  s t u d y .  R e l a t i o n s h i p s  
have  been  accepted a s  s i g n i f i c a n t  o n l y  i f  t h e y  show c o r r e l a -  
t i o n s   t h a t   f a l l   i n   t h e   s i g n i f i c a n t   r a n g e  over a c o n s i d e r a b l e  
p e r i o d   o f   t i m e .   R e l a t i o n s h i p s   h a v e   b e e n   r e j e c t e d   i f   t h e y  
p a s s   s t a t i s t i c a l   s i g n i f i c a n c e   t e s t s   f o r   o n l y  a s h o r t   p o r t i o n  
o f  a c y c l e .   S t i l l ,  o n l y  t i m e   w i l l   t e l l   w h e t h e r   s u f f i c i e n t  
conservatism  has  been  used t o  make t h e   r e l a t i o n s h i p s  t h a t  
have  been  accepted  cont inue t o  be u s e f u l   i n   t h e   f u t u r e .  
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2 .  D A T A  B A S E  
Sunspo t  number da ta   cove ' r  a n  u n u s u a l l y   l o n g   p e r i o d   o f  
t i m e .  T h e  Z u r i c h   s e r i e s  i s  cont inuous   f rom t h e  y e a r   1 7 4 9   t o  
t he  p r e s e n t ,   a n d  much e f f o r t  h a s ,  gone i n t o   k e e p i n g   t h e   m e t h o d s  
o f   h a n d l i n g   t h e   o b s e r v a t i o n s   a n d   d a t a   a s   n e a r l y   u n i f o r m   a s  
p o s s i b l e .   I t  i s  i ndeed  j u s t  t h i s  f e a t u r e ,  the  l eng th   and  
u n i f o r m i t y   o f   t h e   s e r i e s ,   t h a t  makes i t  p a r t i c u l a r l y   u s e f u l  
as  a f o r e c a s t i n g   t o o l ,   e v e n  i f  o f t e n  an i n d i r e c t   o n e .   O t h e r  
g e o p h y s i c a l   o b s e r v a t i o n s   h a v e  much s h o r t e r   h i s t o r i e s .   F o r  
e x a m p l e ,   d i r e c t   o b s e r v a t i o n s   o f   a t m o s p h e r i c   d e n s i t y  i n  t h e  
o u t e r   a t m o s p h e r e  a n d  o f   s o l a r   r a d i o - f r e q u e n c y   n o i s e  f l u x  
have  been made f o r   o n l y   s o m e t h i n g  l i k e  o n e   s o l a r   a c t i v i t y  
c y c l e .  Even i o n o s p h e r i c   e l e c t r o n   d e n s i t y   o b s e r v a t i o n s   c o v e r  
s o m e t h i n g   l e s s   t h a n   f o u r   s o l a r   c y c l e s .  T h u s  t h e s e   d i r e c t  
o b s e r v a t i o n s   c o v e r  so few c y c l e s  t h a t  i t  i s  n i g h  t o   i m p o s s i b l e  
t o   d e t e r m i n e   f r o m  them s t a t i s t i c a l   r e l a t i o n s h i p s  among s u c -  
c e s s i v e   c y c l e s .   I n s t e a d ,  i t  has  been  oted t h a t  d u r i n g  
t h e i r   s h o r t   h i s t o r i e s   t h e y   e x h i b i t  a h i g h  c o r r e l a t i o n  w i t h  
t h e   s u n s p o t  number d a t a .   A c c o r d i n g l y ,   t o   g e t  some b a s i s   f o r  
l o n g - t e r m   p r e d i c t i o n s   o f   t h e s e   s h o r t e r   s e r i e s ,  i t  i s  g e n e r a l l y  
assumed t h a t   t h e   o b s e r v e d   c o r r e l a t i o n s  w i l l  be e q u a l l y  good 
o v e r   t h e  l o n g  te rm.  This p e r m i t s   u s i n g   t h e   l o n g e r   s e r i e s  o f  
s u n s p o t  number  d a t a  a s  a means o f   f o r e c a s t i n g  the  o t h e r  much 
s h o r t e r  s e r i e s .  
When Rudolph Wolf o f   t h e   Z u r i c h   o b s e r v a t o r y   i n t r o d u c e d  
his  s u n s p o t  number  formula i n  1848, he a p p l i e d  i t  t o   r e c o r d s  
o f  o l d   o b s e r v a t i o n s   a s  f a r  back as   1749.  B u t  as   one  goes 
f u r t h e r  a n d  f u r t h e r  back i n  t h e   s e r i e s   o n e   f i r i d s  t h a t  t h e  
o b s e r v a t i o n s   c o n t a i n  l e s s  a n d  l e s s   o f  t h e  d e t a i l   n e c e s s a r y  t o  
make a n  a c c u r a t e  ea: p o s t  f a c t o  d e t e r m i n a t i o n  o f  t h e  Wolf n u m -  
b e r .  The o b s e r v a t i o n s   a l s o  become i n c r e a s i n g l y   s p a r c e ,   a s  
can   be   s een   c l ea r ly   f rom an e x a m i n a t i o n   o f   W o l f ' s   o r i g i n a l  
d a t a   t a b u l a t i o n   w h i c h  i s  p r e s e r v e d   a t   t h e   Z u r i c h   o b s e r v a t o r y .  
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M c N i s h   a n d   L i n c o l n   ( 1 9 4 9 )   f e l t   t h a t   b e f o r e   1 8 3 4   t h e   h i s t o r i -  
c a l   u n c e r t a i n t i e s   w e r e   g r e a t   e n o u g h   t o   q u e s t i o n   t h e   u n i f o r m -  
i t y  o f  t h e  s e r i e s  b e f o r e  t h a t  t i m e  a s   c o m p a r e d   w i t h   t h e  
s e r i e s   a f t e r   1 8 3 4 .  
M c N i s h   a n d   L i n c o l n   c o n s i d e r e d   t h e   s e r i e s   i n   t w o   p a r t s :  
( a )   f r o m   1 7 5 5   t o   1 8 3 4   ( c y c l e s  1 t h r o u g h  7 o f   t h e   Z u r i c h   t a b -  
u l a t i o n ) ,   a n d   ( b )   f r o m   1 8 3 4   t o   1 9 4 4   ( c y c l e s  8 t h r o u g h   1 7   o f  
t h e   Z u r i c h   t a b u l a t i o n ) .   T h e y   f i t t e d   t h e   t w o   p a r t s   s e p a r a t e l y  
w i t h  a Type VI P e a r s o n i a n   d i s t r i b u t i o n   a n d   c a l c u l a t e d   t h e  
c h i - s q u a r e  t e s t  o f  t h e  h y p o t e h s i s  t h a t  t h i s  d i s t r i b u t i o n  
was v a l i d .   T h e y   p o i n t e d   o u t  some u n c e r t a i n t i e s   i n   d e t e r m i -  
n i n g   t h e   n u m b e r   o f   d e g r e e s   o f   f r e e d o m   t h a t   s h o u l d   b e   u s e d   i n  
t h e   c a l c u l a t i o n ,   b u t   a r r i v e d   a t   t h e   c o n c l u s i o n   t h a t   t h e   s e c -  
o n d   p a r t   o f   t h e   d a t a   i s   c o n s i s t e n t   w i t h  a Type V I  P e a r s o n i a n  
d i s t r i b u t i o n   ( p r o b a b i l i t y   v a l u e   a b o u t  0 .65 )  a n d   t h a t   t h e  
f i r s t  p a r t   o f   t h e   d a t a   i s   n o t   c o n s i s t e n t   w i t h  a Type  VI d i s -  
t r i b u t i o n   ( p r o b a b i l i t y   v a l u e   l e s s   t h a n   0 . 0 0 1 ) .   E s s e n t i a l l y  
t h e   f i r s t   s e v e n   c y c l e s   h a d  a much b r o a d e r   d i s t r i b u t i o n   a b o u t  
t h e  mean t h a n   d i d   t h e   l a t e r  1 0   c y c l e s .  
Because  o f   t h e s e   s t a t i s t i c a l   r e s u l t s ,   c o u p l e d   w i t h   t h e  
h i s t o r i c a l   u n c e r t a i n t i e s   o f   t h e   e a r l y   d a t a ,   M c N i s h   a n d  
L i n c o l n   d e c i d e d   t o   e x c l u d e   t h e   d a t a   b e f o r e   1 8 3 4   f r o m   t h e i r  
p r e d i c t i o n   a n a l y s i s ,   a n d   t h e y   c a r r i e d   o u t   t h e   a n a l y s i s   o n  
o n l y   t h e   d a t a   f r o m   1 8 3 4   t o   1 9 4 4 .   H o w e v e r ,   s i n c e   1 9 4 4   t w o  
more f u l l   c y c l e s   o f   s u n s p o t   d a t a   h a v e  become a v a i l a b l e .  
B o t h   t h e s e   c y c l e s ,   n u m b e r s   1 8   a n d   1 9   i n   t h e   Z u r i c h   t a b u l a -  
t i o n ,   h a d   h i g h e r   m a x i m a   t h a n   a n y   o f   t h e   c y c l e s   a c c e p t e d   b y  
M c N i s h   a n d   L i n c o l n .   T h e   t o ' t a l   d u r a t i o n   o f   c y c l e   1 8  was  as 
s h o r t  as  any o f   t h o s e   i n   t h e   a c c e p t e d   g r o u p   o f   c y c l e s  8 
t h r o u g h   1 7 ,   b u t   f o r   n e i t h e r   1 8   n o r   1 9  was t h e   r i s e t i m e   u n -  
u s u a l l y   s h o r t   c o m p a r e d   w i t h  8 t h r o u g h   1 7 .   T h u s ,   i n c l u s i o n  
o f   t h e   t w o  new c y c l e s   a s   " g o o d "   d a t a   m a r k e d l y   i n c r e a s e d   t h e  
b r e a d t h  o f  t h e  d i s t r i b u t i o n  a b o u t  t h e  mean o f  t h e  r e s t  o f  
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t h e   ' ' g o o d "   p a r t   o f   t h e   s e r i e s .   T h i s   h a s   r a i s e d   t h e   q u e s t i o n  
o f   w h e t h e r   t h e   M c N i s h - L i n c o l n   r e j e c t i o n   w o u l d   s t i l l   b e  j u s t i -  
f i e d  i f  t h e s e   t w o   l a t e s t   c y c l e s   w e r e   t o   b e   i n c l u d e d   i n   t h e  
a n a l y s i s .   I n d e e d ,   p r e l i m i n a r y   c o n s i d e r a t i o n   o f   t h i s   q u e s t i o n  
l e d   t h e   C e n t r a l   R a d i o   P r o p a g a t i o n   L a b o r a t o r y   t o   r e i n t r o d u c e  
i n  1 9 6 8   t h e   e a r l i e r   c y c l e s   i n t o   t h e   a n a l y s e s   u s e d   f o r   t h e i r  
p u b l i c a t i o n  I o n o s p h e r i c  P r e d i c t i o n s .  
T h e  q u e s t i o n  o f  w h e t h e r  o r  n o t  t o  i n c l u d e  t h e  d a t a  b e f o r e  
1 8 3 4  i s   f a r   f r o m   t r i v i a l   f o r   t h i s   a n a l y s i s .   M c N i s h   a n d   L i n c o l n  
s h o w e d   t h a t   t h e   r e g r e s s i o n   c o e f f i c i e n t s   f o r   f o r e c a s t i n g   t h e  
s u n s p o t   n u m b e r   v a r y   t h r o u g h o u t   h e   c y c l e .   T h u s   o n e   c a n n o t  
l u m p   t o g e t h e r   a l l   o f   t h e   d a t a   t a k e n   d u r i n g   t h e   c y c l e ,   b u t   w h e n  
d e r i v i n g   t h e   r e g r e s s i o n   c o e f f i c i e n t s   o n e   g e t s   e s s e n t i a l l y   o n l y  
a s i n g l e   o b s e r v a t i o n   p a i r   p e r   c y c l e  - - -  t h a t  t a k e n  a t  a t i m e  
w h i c h   c o r r e s p o n d s   f o r   e a c h   c y c l e .   T h u s  i f  a l l   o f   t h e   d a t a  
f r o m   1 7 5 5   t o   d a t e   w e r e   t o   b e   u s e d ,   o n e   w o u l d   h a v e   1 9   o b s e r v a -  
t i o n   p a i r s   f r o m   w h i c h   t o   c a l c u l a t e   e a c h   r e g r e s s i o n   c o e f f i c i e n t .  
On t h e   o t h e r   h a n d ,   r e j e c t i n g   d a t a   b e f o r e  1834 l e a v e s   o n l y  1 2  
p a i r s .   I n   t h e   f o r m e r   c a s e ,   o n e   m i g h t   c 0 n s i d e . r   t h a t  a p o r t i o n  
o f   t h e   d a t a   c o u l d   b e   s e t   a s i d e   a s  a v e r i f i c a t i o n   s a m p l e   o n  
w h i c h   t o   t e s t   r e l a t i o n s h i p s   d e v e l o p e d   f r o m   t h e   r e m a i n i n g   d a t a .  
I n   t h e   l a t t e r   c a s e  it w o u l d   n o t  s e e m   r e a s o n a b l e   t o   r e d u c e   t h e  
1 2   p a i r s   a n y   f u r t h e r   b y   d e l e t i n g  a v e r i f i c a t i o n   p o r t i o n .  A s  
a m a t t e r  o f  f a c t ,   i n   t h i s   s t u d y   s e v e r a l   p r e l i m i n a r y   a n a l y s e s  
w e r e   c a r r i e d   o u t   o n   t h e   f u l l   s e t  o f  d a t a   b e f o r e  i t  became 
c l e a r   t h a t   o n l y   t h e   r e d u c e d   s e t   s h o u l d   b e   u s e d .  
A c h i - s q u a r e   s t a t i s t i c a l   t e s ' t  was c a r r i e d   o u t   t o   d e t e r m i n e  
w h e t h e r   t h e   e a r l y   d a t a   s h o u l d   b e   i n c l u d e d   i n   t h e   a n a l y s i s   o r  
n o t .   M o r e p r e c i s e l y . ,   t h e r e  was t e s t e d   t h e   n u l l   h y p o t h e s i s  
t h a t   t h e   t w o   d i s t r i b u t i o n s   f r o m   w h i c h   t h e   e a r l y   d a t a   a n d   t h e  
l a t e r   d a t a   a r e   r e s p e c t i v e l y   d r a w n   a r e   i d e n t i c a l .   T h e   d a t a  
b e i n g   s t u d i e d   w e r e   t h e   " s m o o t h e d   a n n u a l   r e l a t i v e   s u n s p o t  num- 
b e r s , "   d e f i n e d   a s  
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where , R i  i s   t h e   o b s e r v e d   m o n t h l y   s u n s p o t  number der ived  a n d  
p u b l i s h e d  by t h e   Z u r i c h   o b s e r v a t o r y   f o r   t h e  j - t h  m o n t h  o f  t h e  
i - t h  c y c l e .  To r e d u c e   t h e   e f f e c t   o f   t h e   a u t o c o r r e l a t i o n  i n t r o -  
duced by t h e  s m o o t h i n g  p r o c e s s ,   d a t a  w.ere used c e n t e r e d  on 
m o n t h s  1 ,  1 3 ,  25,  . .. 121 o f  e a c h   c y c l e .  Not  a l l  o f  t h e   1 9  
c y c l e s   l a s t   a s   l o n g   a s  121 m o n t h s ;  because   o f  shor t  c y c l e s ,  
month 1 0 9   c o n s i s t s  o f  da t a   f rom  on ly  18 c y c l e s ,   a n d  m o n t h  121 
c o n s i s t s   o f   d a t a   f r o m   o n l y   1 6   c y c l e s .  Thus t h e r e   a r e  205 d a t a  
i n   t h e   s a m p l e   c o v e r i n g   t h e   1 9   c y c l e s .  
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To p u t  t h e   d a t a  on a comparab le   bas i s ,   e ach  m o n t h ' s  s e t  
was reduced  t o  have a mean o f  zero  and a s t a n d a r d   d e v i a t i o n  o f  
u n i t y ,  i . e .  , t h e  a n a l y s i s  was c a r r i e d  o u t  on 
where 
a n d  n = 1 9  f o r  a l l  o f  t hose   mon ths   t ha t   have  f u l l  d a t a  s e t s .  
Thus i t  was assumed t h a t  a l l  months o f  a cyc le   have   the  same 
shape  o f  d i s t r i b u t i o n ,  a t  l e a s t  a p p r o x i m a t e l y s o  r e l a t i v e  t o  
t h e   d i f f e r e n c e   b e i n g   t e s t e d   b e t w e e n   e a r l y  a n d  l a t e  d a t a .  
Boundar ies  o n  t h e  V i j  were then e s t a b l i s h e d   w h i c h   s e p a r a -  
t e d  t h e  e n t i r e  s e t  i n t o  s ix  c e l l s ,   e a c h  h a v i n g  abou t   t he  same 
number o f  e n t r i e s ,  and C i k  was d e t e r m i n e d   a s   t h e  number of  
o b s e r v a t i o n s  from t h e   i - t h   s u n s p o t   c y c l e   t h a t   f e l l  w i t h i n  t h e  
k - t h  c e l l  o f  t h i s  d i s t r i b u t i o n  f u n c t i o n .  For  i n s t a n c e ,  C5,1 
i s  t h e  number o f  o b s e r v a t i o n s  f rom t h e  f i f t h  c y c l e  t h a t  f a l l  
i n  t h e   l o w e s t   s i x t h  o f  t h e   o v e r a l l   d i s t r i b u t i o n   f u n c t i o n .  
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T h e n  t h e   c o n t i n g e n c y   t a b l e  o f  t a b l e  1 was p repa red  i n  which 
the s i x  segments   o f  the  f r e q u e n c y   d i s t r i b u t i o n   a r e   c o m p a r e d  
f o r  e a c h   o f   t h e   s u n s p o t   c y c l e   g r o u p s   b e i n g   t e s t e d  a n d  for  t h e  
o v e r a l l   g r o u p  o f  c y c l e s .   T h a t  i s ,  
7 
i = l  ' I:, k = C i k  g i v e s   t h e   n t r i e s   f r o m   c y c l e s  1 th rough 7 ,  
19 
17 = cCik g i v e s   t h e   n t r i e s   f r o m   c y c l e s  8 t h r o u g h  1 9 ,  
2 , k  i = 8  
19 
= CCik g i v e s  the e n t r i e s   f r o m   a l l   c y c l e s I  1 through 1 9 .  
' 3 , k  i=l 
The b a s i c  method i s  d e s c r i b e d  by Cramer  (1946) .  
TabZe 1 .  Frequency   Dis t r ibu t ion  of Smoothed AnnuaZ 
S u n s p o t  Numbers 
Cel l  
1 2 3 4 5 6 T o t a l  
From t h e  row and  column t o t a l s   t h e   e x p e c t e d   ( i . e . ,   e x p e c t e d  
if the n u l l  h y p o t h e s i s  i s  t r u e )  number o f   e n t r i e s  i n  each  box 
was c a l  cul a t e d  f rom 
a n d  f i n a l l y  c h i - s q u a r e  was c a l c u l a t e d  f rom 
g i v i n g  
x2 = 29.193. 
W i t h  t h i s  we can  examine the l i k e l i h o o d   t h a t  a t a b l e   s u c h  
a s   t a b l e  1 w o u l d  a r i s e  f rom da ta   where  the  two g r o u p i n g s  o i  
a n d  ‘2,k 
c a l c u l a t i o n  o f  the degrees   o f   f r eedom o f  t a b l e  1 w o u l d  be 
( 6  - 1 ) ( 2  - 1 )  = 5 .  Enter ing c h i - s q u a r e   t a b l e s  w i t h  t h i s  v a l u e  
(Abramowitz  and S t e g u n ,  1 9 6 4 ) ,  we f i n d  t h a t  f o r  two d i s t r i b u -  
t i o n s  drawn  f rom  the   same  overa l l   popula t ion  a x 2  o f  29  o r  
g r e a t e r  w o u l d  be e x p e c t e d  t o  o c c u r   o n l y  0 .002% o f  t h e  time - - -  
on ly  1 t ime o u t  o f  5 0 , 0 0 0 .  T h u s  we would r e j e c t  the  h y p o t h e s i s  
t h a t  t h e  two g r o u p s  o f  s u n s p o t  numbers b e l o n g   t o  t he  same 
p o p u l a t i o n .  
, k  
come f rom  the  same o v e r a l l   p o p u l a t i o n .  T h e  customary 
H o w e v e r ,   t h e r e   a r e   d e f i n i t e   q u e s t i o n s   a b o u t  whether the 
a b o v e   c a l c u l a t i o n   o f  degrees o f  f reedom i s  a p p r o p r i a t e  f o r  
t h e  s u n s p o t  numbers. Even a t  t he  s p a c i n g   c h o s e n   f o r  t h i s  a n a l -  
y s i s ,  t h e  numbers a r e   w e l l  known n o t  t o  be   independent .  Dis- 
t i n c t  c o r r e l a t i o n  e x i s t s  f o r  much w i d e r   s p a c i n g ,   a s  i s  shown 
i n  s e c t i o n  5 .  A t  f i r s t ,  o n e  w o u l d  t h i n k  t h a t   s u c h  a c o r r e l a t i o n  
w o u l d  be e x p e c t e d  t o  r e d u c e   t h e  number o f   d e g r e e s  o f  freedom 
i n  t h e   c a l c u l a t i o n ,   a n d  t h i s  would make i t  e v e n  l e s s  l i k e l y  t h a t  
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so l a r g e  a v a l u e   o f  x2 would come from a s i n g l e   p o p u l a t i o n .  A 
l i t t l e  more t h o u g h t ,   h o w e v e r ,   r e v e a l s   t h a t  t h i s  c o r r e l a t i o n  i s  
a l m o s t   e n t i r e l y  w i t h i n  the i n d i v i d u a l   g r o u p i n g s   b e i n g  t e s t e d ,  
and   ve ry   sma l l   f rom  one   g roup   t o   t he   o the r .  T h a t  i s ,  t h e  
e n t r i e s  i n  v l a k  h a v e   c o r r e l a t i o n  among them, a s  do the  e n t r i e s  
i n  v 2 , k Y  b u t  t he re  i s  p r a c t i c a l l y  no c o r r e l a t i o n   f r o m  0 1 , k  t o  
This m i g h t  wel l  be e x p e c t e d   t o   i n c r e a s e   t h e   l i k e l i h o o d  ' 2 , k '  
o f  f i n d i n g  l a r g e   v a l u e s  f o r  x2. 
C o n s e q u e n t l y ,   s e v e r a l   s t a t i s t i c a l   e x p e r i m e n t s   w e r e   c a r r i e d  
o u t  t o  g e t  a b e t t e r  i n d i c a t i o n  o f  t h e  m e a n i n g  o f  t h e  x 2  c a l c u -  
l a t e d   a b o v e .  F i r s t  a random s e l e c t i o n  o f  t h e  s u n s p o t   c y c l e s  
t o  b e  i n c l u d e d  i n  each  o f  the  two groups was made. Tha t  i s ,  
r a t h e r   t h a n  p u t t i n g  t h e  f i r s t  seven c y c l e s  i n  t h e  f i r s t  group 
a n d   t h e   l a s t   1 2   c y c l e s  i n  t he   s econd .g roup ,   s even   cyc le s   were  
drawn a t  r a n d o m   f r o m   t h e   e n t i r e   s e t   o f  1 9 ,  and   t hese   s even  
were   t aken   a s  the f i r s t  g roup ,  w i t h  t h e   r e m a i n i n g   c y c l e s   a s  
t he   s econd   g roup .  From t h i s  g roup ing  a v a l u e   f o r  x 2  was c a l -  
c u l a t e d .  This whole  process  was then r epea ted   1000   t imes   t o  
g i v e   1 0 0 0   v a l u e s   f o r  x2. T h e  r e su l t i ng  d i s t r i b u t i o n   t u n c t i o n  
o f  t h e  x2 i s  p l o t t e d  i n  f i g u r e   2 . 1 ,   l a b e l e d  "Random G r o u p i n g s " .  
I t  was f o u n d   t h a t  5% o f   t h e   o b s e r v e d  x 2  w e r e   g r e a t e r   t h a n  
2 9 . 1 9 3 ,   r a t h e r   t h a n  0 .002% a s  i s  expec ted  from t h e   s t a n d a r d  
a n a l y s i s  u s i n g  5 deg rees   o f   f r eedom.  
A s e c o n d   s t a t i s t i c a l   e x p e r i m e n t  was made i n  t h e  same  way, 
b u t  u s i n g  o n l y  the  l a s t   1 2   s u n s p o t   c y c l e s   ( w h i c h   p r e s u m p t i v e l y  
a r e   f r o m   e s s e n t i a l l y   t h e  same p o p u l a t i o n ) .   T h e s e  1 2  c y c l e s  
were   b roken   i n to  t w o  g roups   o f  s i x  e a c h ,  w i t h  t h e  members o f  
e a c h   g r o u p   s e l e c t e d   a t   r a n d o m .  T h i s  was r epea ted   100   t imes  
t o   g e t   1 0 0   v a l u e s   f o r  x2. The r e s u l t i n g   d i s t r i b u t i o n   f u n c t i o n  
i s  a l s o   p l o t t e d  i n  f i g u r e   2 . 1 ,   l a b e l e d  " L a s t  12  Cycles   Only".  
T h i s   d i s t r i b u t i o n   f u n c t i o n  i s  s i m i l a r   t o   t h a t   f o r   t h e  "Random 
Group ings"   o f  t he  1 9   c y c l e s .  
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A t h i r d  s t a t i s t i c a l   e x p e r i m e n t  was t o - s e l e c t  1 9  x 11 r an -  
dom ( u n i f o r m l y  d i s t r i b u t e d )  numbers t o   s i m u l a t e   t h e  S i j  f o r  
t h e  1 9  c y c l e s   o f  11 months  each. From t h e s e  random ' ' d a t a "  
t h e  C i k  were   de te rmined ,   and   then  100  random g r o u p i n g s   o f   t h e  
cyc le s   were   t aken  t o  g e t  100 v a l u e s   f o r  x*, as i n  t he   s econd  
expe r imen t .  The r e s u l t i n g   d i s t r i b u t i o n   f u n c t i o n  i s  p l o t t e d  i n  
f i g u r e  2 . 1 ,  l a b e l e d  "Random S S N " .  I t  can   be   s een   t ha t  t h i s  coin- ' 
pares   we l l  w i t h  t h e   t h e o r e t i c a l   c u r v e   f o r  5 deg rees   o f   f r eedom,  
r a t h e r   t h a n  w i t h  t h e   a c t u a l   s u n s p o t  number c u r v e .  
A f o u r t h  s t a t i s t i c a l  e x p e r i m e n t  was c a r r i e d  o u t  t h e  same 
a s  the t h i r d ,  b u t  w i t h o u t   r e d u c i n g  the  random " d a t a "  t o  z e r o  
mean and u n i t y  s t a n d a r d   d e v i a t i o n .  The r e s u l t i n g  d i s t r i b u t i o n  
f u n c t i o n  was s i m i l a r   t o   t h a t   f r o m   t h e  t h i r d  e x p e r i m e n t .  
From t h e s e   e x p e r i m e n t s  we s e e  t h a t  when random  numbers 
w e r e   s u b s t i t u t e d  f o r  t h e   s u n s p o t   n u m b e r s   t h e   r e s u l t i n g  d i s -  
t r i  b u t i o n  f u n c t i o n s  a g r e e d  well w i t h  the  theo ry   o f  the  c h i -  
s q u a r e   t e s t .  H o w e v e r ,   b o t h   e x p e r i m e n t s   t h a t   u s e d   a c t u a l  sun- 
s p o t  n u m b e r s   g a v e   d i s t r i b u t i o n s  w i t h  much h i g h e r   p r o p o r t i o n s  
o f   l a r g e   v a l u e s   f o r  x2. I n   f a c t ,  the  50% p o i n t   f r o m   t h e  f i r s t  
e x p e r i m e n t   c o r r e s p o n d s   r o u g h l y  w i t h  a c h i - s q u a r e   d i s t r i b u t i o n  
w i t h  10  deg rees   o f   f r eedom,   and  i t s  upper  5% p o i n t   c o r r e s p o n d s  
rough ly  t o  a c h i - s q u a r e   d i s t r i b u t i o n  w i t h  18 d e g r e e s   o f   f r e e -  
dom, r a t h e r   t h a n  3 t o  5 deg rees   o f   f r eedom  a s  was e x p e c t e d  
f rom  approx ima te   t heo ry .  T h i s  may well be e )cp la ined   because  
t h e  random s o r t i n g  o f  t h e  1 9  o b s e r v e d   c y c l e s   d o e s   n o t   c o n s t i -  
t u t e  a s i m u l a t i o n   o f   t h e  d i s t r i b u t i o n  o f  c h i - s q u a r e   f o r   c o n -  
t i n g e n c y   t a b l e s ,   p a r t i c u l a r l y   s i n c e   t h e   s o r t i n g  by c y c l e s  
l e a v e s  s i g n i f i c a n t  c o r r e l a t i o n s  w i t h i n  e a c h   o f   t h e  two groups  
b u t  no t   f rom  one   g roup   t o   t he   o the r .  The random s o r t i n g  o f  
t h e   c y c l e s   p r o v i d e s  a " r a n d o m i z a t i o n   t e s t "   t h a t  i s  o f   c o n s i d -  
e r a b l e   i n t e r e s t ,   b e c a u s e  we  may we l l   conc lude  t h a t  i t  i s  a 
more a p p r o p r i a t e  d i s t r i b u t i o n  w i t h  which  to  compare the  c h i -  
s q u a r e   o b s e r v e d   f o r  t h e  t rue  c h r o n o l o g i c a l   o r d e r   o f   c y c l e s .  
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For  t h e   p r a c t i c a l   r e s u l t ,   h o w e v e r ,  we conc lude  i n  e i t h e r  
c a s e  t h a t  t h e  f i r s t  s e v e n  c y c l e s  s h o u l d  be r e j e c t e d   f r o m   t h e  
d a t a  b a s e .   I f  t h e  c a l c u l a t e d   c h i - s q u a r e  o f  29.193 were i n t e r -  
p r e t e d  on t h e   b a s i s  o f  app rox ima te   t heo ry  w i t h  3 t o  5 deg rees  
of   f reedom,  we would r e j e c t  them w i t h  a c o n f i d e n c e  o f  0 . 9 9 9 9 8 .  
O n  t h e   o t h e r  h a n d ,  i n t e r p r e t i n g  i t  o n  t h e   b a s i s  o f  t h e  random 
g r o u p i n g   o f   t h e   s u n s p o t   c i c l e s ,   e i t h e r   a l l  19  o r  t h e  l a s t  1 2 ,  
we s t i l l  would r e j e c t  them w i t h  a c o n f i d e n c e  o f  abou t   0 .95 .  
Thus t h e r e  i s  no  a1 t e r n a t i v e  t o  exc luding   them.  
As a m a t t e r  o f  i n t e r e s t ,  t h i s  method o f  t e s t i n g ,   w h i c h  
d i f f e r s  f rom t h a t  used by McNish a n d  L i n c o l n ,  was a p p l i e d  t o  
t h e i r  d a t a .  U s i n g   e x a c t l y   t h e   d a t a   i n c l u d e d   i n   t h e i r   e p o r t ,  
t h e   v a l u e  o f  c h i - s q u a r e  was c a l c u l a t e d  a t  2 0 . 8 9 ,  w h i c h  w o u l d  
r e j e c t  t h e  f i r s t  s e v e n  c y c l e s  w i t h  a c o n f i d e n c e  o f  only   0 .87  
i f   b a s e d  on  the  random g r o u p i n g  d i s t r i b u t i o n   f u n c t i o n s .   I t  
was n o t e d ,  t h o u g h ,  t h a t   t h e r e   a r e   s e v e r a l   d i s c r e p a n c i e s   b e -  
t w e e n   t h e   o f f i c i a l   Z u r i c h  s u n s p o t  numbers   and  those  publ ished 
i n   t h e   M c N i s h - L i n c o l n   p a p e r .   I n   t h e i r   t a b l e ,  s i x  o f  t h e  1 2  
numbers f o r  t h e  f i r s t  c y c l e  seem t o  be d i s p l a c e d  1 y e a r ,   a n d  
f o u r  o t h e r  d i s c r e p a n c i e s  a p p e a r  a t  o t h e r  l o c a t i o n s  i n  t h e  
t a b l e .  When t h e s e  ar.e c o r r e c t e d ,   t h e   v a l u e  o f  c h i - s q u a r e  
b e c o i e s   2 7 . 8 1 ,   w h i c h   w o u l d   r e j e c t   t h e   f i r s t   s e v e n   c y c l e s  w i t h  
a con f idence  o f  a t   l e a s t   0 . 9 3 .   F i n a l l y ,   l e a v i n g  o u t  t h e   1 2 t h  
y e a r   o f   e a c h   c y c l e   b e c a u s e  o f  i t s  f r e q u e n t  o v e r l a p  w i t h  t h e  
n e x t   c y c l e ,   t h e   c a l c u l a t i o n   g i v e s   2 7 . 1 3 ,   w h i c h  w o u l d  r e j e c t  
t h e  f i r s t  s e v e n  c y c l e s  w i t h  a c o n f i d e n c e  o f  a t  l e a s t  0 . 9 2 .  
T h u s  a l l  o f  t h e s e   c o n c l u s i o n s   a g r e e  w i t h  t h a t ' a r r i v e d  a t  by 
McNish a n d  Lincoln  i n  1949:   the  f i r s t  s e v e n   c y c l e s  s h o u l d  be 
r e j e c t e d .  The a d d i t i o n  of t h e  two c y c l e s   u b s e q u e n t  t o  1949 
does n o t  change   the   conclus ion .   However ,  o u r  me thod   o f   t e s t ing  
has   t he   advan tage   ove r  McNish a n d  L i n c o l n ' s   t h a t  no assumpt ion  
i s  made conce rn ing   t he   shape  o f  t h e   h y p o t h e t i c a l  common distri .-  
b u t i o n .  
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3 .  STATISTICAL ANALYSIS 
1.n a n a l y z i n g   t h e   s e l e c t e d   d a t a   b a s e ,  we used t h e   s t a n d a r d  
s t a t i s t i c a l   t e c h n i q u e s   o f   m u l t i p l e   l i n e a r   r e g r e s s i o n  (Crow e t  
a l . ,   1 9 6 0 ) .  Most o f   t h e   c a l c u l a t i o n s   w e r e   p e r f o r m e d  by a mas- 
t e r   c o m p u t e r   p r o g r a m   t h a t  was deve loped  w i t h  enough f l e x i b i l i t y  
t o   h a n d l e   a l l  o f  t h e   d i f f e r e n t   a n a l y s e s  made. I t   c o n t a i n e d  
c o n t r o l s   f o r   c o n v e n i e n t l y  u s i n g  a s i n g l e   d a t a   b a s e   a n d   d e t e r -  
m i n i n g  t h e  n u m b e r   o f   p r e d i c t o r s   t o  be c o n s i d e r e d ,   t h e   l a g s  o f  
e a c h ,  a n d  f o r   c a l c u l a t i n g   a r b i t r a r y   f u n c t i o n s   o f   a n y   p r e d i c t o r  
o r   c o m b i n a t i o n   o f   p r e d i c t o r s .  These f e a t u r e s   w e r e   u s e d   e x t e n -  
s i v e l y  i n  s e c t i o n s  5 and 6 .  Fu r the r ,   t he   p rog ram  checked  
whe the r  the da ta   were  missing f o r  t h e   p r e d i c t a n d   o r   a n y   o f  
t h e   p r e d i c t o r s   a n d   a d j u s t e d  i t s  c a l c u l a t i o n s   a c c o r d i n g l y .  
T h i s  made i t  p o s s i b l e   n e a r   t h e   e n d   o f  a s o l a r  c y c l e  t o  d i s t i n -  
g u i s h   b e t w e e n   t h e   d a t a   f o r   c y c l e s   t h a t   w e r e  s t i l l  decaying  and 
t h e  d a t a  f o r  c y c l e s  t h a t  h a d   p a s s e d   t h e i r  m i n i m u m  and  were 
s t a r t i n g  u p  a g a i n .  This d i s t i n c t i o n  was c a r r i e d   t h r o u g h o u t  
t h e   a n a l y s e s   r e p o r t e d .  i n  s e c t i o n s  4 th rough 6 ,  b u t  t u r n e d  o u t  
n o t  t o  p r o v i d e   h e l p f u l   i n f o r m a t i o n .  F o r  t h e   p r e d i c t i o n   p a s t  
t h e   c y c l e  m i n i m u m ,  i n  s e c t i o n   9 ,   a l l   d a t a   w e r e   u s e d ,   w h e t h e r  
o r  n o t  t h e   c y c l e  m i n i m u m  had   occu r red .  
I n   a d d i t i o n   t o   t h e   r e g r e s s i o n   e q u a t i o n  f i t t i n g  t h e   d a t a  
tha t   were   ana lyzed ,   t he   p rog ram  gave  the e s t i m a t e d  rms e r r o r  
o f   t h e   f o r e c a s t   a n d   t h e   m u l t i p l e   c o r r e l a t i o n   c o e f f i c i e n t .  As 
d i s c u s s e d  i n  s e c t i o n  4 ,  t h e   f o r m e r  was used   as  a q u a l i t y  mea- 
s u r e   o f   t h e   r e s u l t i n g   f o r m u l a ,   a n d   c o m p e t i n g   f o r m u l a s   w e r e  
compared   l a rge ly  o n  i t s  b a s i s .  The l a t t e r  was used t o  t e s t  
t h e   s t a t i s t i c a l   s i g n i f i c a n c e  o f  the  r e s u l t i n g  f o r m u l a ,  a s  
a l s o   d i s c u s s e d  i n  s e c t i o n  4 .  The p rogram  a l so   con ta ined   con-  
t r o l s   f o r   s e p a r a t i n g   t h e   d a t a   b a s e   i n t o   d e v e l o p m e n t a l  a n d  v e r i -  
f i c a t i o n  s a m p l e s  , a n d   t h e s e   w e r e   u s e d   e x t e n s i v e l y  i n  t h e  a n a l y -  
ses  r e p o r t e d  i n  s e c t i o n  7 .  F i n a l l y ,  i n  acco rdance  w i t h  Crow 
e t   a l .   ( 1 9 6 0 ) ,   t h e r e  was p r o v i s i o n  f o r  c a l c u l a t i n g   t h e   c o n f i -  
d e n c e   i n t e r v a l  o f  a s p e c i f i c   p r e d i c t i o n ,  a s  was used i n  s e c t i o n s  
7 ,  8 ,  a n d  9: 
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4 .  SINGLE P R E D I C T O R  
I t  i s  n o t   e a s y   t o  make a g r a p h i c a l   r e p r e s e n t a t i o n   o f  
d i f f e r i n g  f o r e c a s t   f o r m u l a s  which will  g i v e  a good v i s u a l  
i m p r e s s i o n   o f  the many d i f f e r e n t   c o m p a r i s o n s   t h a t   n e e d   t o  be 
m a d e .   N o t   o n l y   a r e   t h e r e   t h e   d i f f e r i n g   f o r e c a s t   f o r m u l a s ,  
b u t  a l s o   f o r   e a c h   o n e  i t  i s  n e c e s s a r y   t o   c o n s i d e r   t h e   a c c u r -  
a c y   a c h i e v e d   a s  a f u n c t i o n   o f  the  time when the  f o r e c a s t  i s  
made a n d  a s  a f u n c t i o n  o f  t h e   t i m e   t h a t   h a s   e l a p s e d   s i n c e   t h e n .  
The f u l l  r e p r e s e n t a t i o n   w o u l d  b e  m u l t i d i m e n s i o n a l  , and  any 
r e d u c t i o n   t o  two dimensions will emphas ize  some a s p e c t s  a t  
the  e x p e n s e   o f   o t h e r s .  In t h i s  s t u d y  we w e r e   p a r t i c u l a r l y  
concerned  w i t h  t h e   q u e s t i o n   o f  how f a r  i n t o  t he  f u t u r e  a 
g i v e n  f o r e c a s t  will  be v a l i d .  T h u s  a r e p r e s e n t a t i o n  was 
c h o s e n   t h a t   e m p h a s i z e s   t h a t   q u e s t i o n .  A f o r e c a s t   f o r m u l a  
was assumed  to   have  been used a t  a g iven   t ime  w i t h i n  the  
s u n s p o t  c y c l e  t o  p r e d i c t  t h e  s u n s p o t  number f o r  a s  f a r  i n t o  
t h e   f u t u r e   a s   p o s s i b l e .  T h e n  the  e s t i m a t e d   e r r o r   o f   t h a t  
p r e d i c t i o n  was p l o t t e d  f o r  c o m p a r i s o n  w i t h  t h a t  o f  o t h e r  
f o r e c a s t s ,  e i t h e r  f r o m  o t h e r  f o r m u l a s  o r  f r o m  t h e  same f o r -  
mula b u t  p r e p a r e d  a t  a d i f f e r e n t  time. 
Also,  t h i s  s t u d y   h a s  been c a r r i e d  o u t  a t  a .  time when i t  
i s  known t h a t  t he  c u r r e n t   s u n s p o t   c y c l e  i s  i n  i t s  d e c l i n i n g  
p h a s e ,   a n d   t h e   d e c l i n i n g   p h a s e  will  a l m o s t   c e r t a i n l y   c o n t i n u e  
f o r  a t  l e a s t  3 o r  4 more y e a r s .  T h u s  t h i s  phase  i s  o f   g r e a t e r  
p r a c t i c a l   i n t e r e s t   t h a n   t h e  r i s ing  p h a s e ,   a n d   f o r   t h e  
d e c l i n i n g   p h a s e  i t  i s  p o s s i b l e  t o  c o n s i d e r  n o t  o n l y  f o r m u l a s  
t h a t  a p p l y  a t  a l l  times o f   t h e   c y c l e ,  b u t ,  i n  a d d i t i o n ,   f o r -  
m u l a s   t h a t  may u s e   s p e c i f i c   i n f o r m a t i o n   a b o u t   t h e  maximum o f  
t h e   c y c l e  - - -  i t s  a m p l i t u d e ,  i t s  t ime, t h e   r i s e t i m e   l e a d i n g  u p  
t o  i t ,  and t h e   l i k e .   A c c o r d i n g l y ,  a r e p r e s e n t a t i o n  was a l s o  
chosen  which  emphasizes  t h e  d e c l i n i n g   p h a s e   o f   t h e   c y c l e   a n d  
which f a c i l i t a t e s   c o m p a r i s o n s   b e t w e e n   f o r m u l a s   t h a t  do  and t h o s e  
t h a t  do n o t   i n c l u d e   s p e c i f i c   i n f o r m a t i o n   a b o u t   t h e  maximum. 
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Figure  4 . 1  shows t h e   r e s u l t s   o b t a i n e d  when a s i n g l e   p r e -  
d i c t o r  i s  u s e d   c o n s i s t i n g  o f  t h e  l a t e s t  a v a i l a b l e  o b s e r v a t i o n .  
T h e  formula  used i s  
3 = b o  + b ,  Sk 
j 
where 
i s  t h e   f o r e c a s t  f o r  t h e  month j, 
j 
Sk i s  the  smoothed  annual SSN obse rved  for  m o n t h  k, 
bo and b ,  a r e   c o n s t a n t s   c h o s e n  f o r  each  combinat ion 
and the c o n s t a n t s   a r e   t o  b e  der ived from t h e   d a t a   l i n e d  
u p  w i t h  c y c l e  minima c o i n c i d i n g .  
o f  j and k, 
In   t he  f i g u r e  i s  p l o t t e d   t h e   e s t i m a t e d  rms e r r o r  o f  t h e   f o r e -  
c a s t g  c a l c u l a t e d  a s  
ESTRMS ={r- o b s  
tor 
where 
RSS = r e s i d u a l  sum o f  s q u a r e s  a f t e r  f i t t i n g ,  
Nabs = t h e  number o f  o b s e r v a t i o n s  f i t t e d ,  
N = t h e  n u m b e r  o f  p r e d i c t o r s ,  t o  r 
and the -1 i s  p r e s e n t   b e c a u s e   t h e r e  i s  one  more c o n s t a n t  
t o  be d e t e r m i n e d   t h a n   t h e  number o f  p r e d i c t o r s .  
Th i s  i s  p l o t t e d   v s .   t h e  number o f  months  a f t e r   c y c l e  m i n i m u m ,  
a n d  use was made o f  d a t a  f rom t h e  7 2  cycles   (numbers  8 t h r o u g h  
1 9 ) ,  l i n e d  u p  w i t h  t h e i r  minima c o i n c i d i n g   a s  was done by McNish. 
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FORECAST FROM LINEUP OF  CYCLE MINIMA 
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Figure 4.1 
T h e   f i g u r e   s h o w s   r e s u l t s   f o r   m o n t h s  49 t h r o u g h   1 2 9   a f t e r   t h e  
min imum,   and i n  t h i s  f o r m  it i s   z p p l i c a b l e   t o   a n y   f u t u r e   c y c l e .  
H o w e v e r ,   t o   c l a r i f y   i t s -   a p p l i c a t i o n   t o   t h e   c u r r e n t   c y c l e ,   t h e  
a b s c i s s a   h a s   a l s o   b e e n   l a b e l e d   w i t h   t h e   c o r r e s p o - n d i n g   d a t e s  
f o r   t h i s   c y c l e ,   J a n u a r y   1 9 6 9   t h r o u g h   J a n u a r y   1 9 7 5 .   T h e   s i x  
c u r v e s  i n  t h e   l o w e r   p a r t   o f   t h e   f i g u r e  s h o w   t h e   r e s u l t s   f o r  
f o r e c a s t s  made a t   1 - y e a r   i n t e r v a l s ,   u s i n g   a s  a p r e d i c t o r   t h e  
s m o o t h e d   a n n u a l  SSN f o r   m o n t h s  49 ,  6 1 ,   7 3 ,   e t c .   T h e   c u r v e s  
a r e   l a b e l e d  Y O ,  Y1,  Y2, e t c . ,   f o r  a r e a s o n   e x p l a i n e d   l a t e r .  
Remember t h a t   t h e   s m o o t h e d   a n n u a l  S S N  f o r   a n y   p a r t i c u l a r  
m o n t h  i s   c a l c u l a t e d   f r o m   o b s e r v a t i o n s  made i n   t h e   f u t u r e   a s  
w e l l   a s   i n   t h e   p a s t .   S i x   f u t u r e   m o n t h l y   o b s e r v a t i o n s   o f   t h e  
S S N  a r e   u s e d   i n   t h e   c a l c u l a t i o n ,  s o  i t  i s   l o g i c a l l y   i m p o s s i b l e  
t o  k n o w   t h e   v a l u e   o f   t h e   s m o o t h e d   a n n u a l  S S N  u n t i l  a t .  l e a s t  
t h e   e n d   o f   t h e   s i x t h   m o n t h   l a t e r   o n .   I n   p r a c t i c e ,   t h e   t i m e  
f o r   p r o c e s s i n g   a n d   d i s t r i b u t i n g   t h e   d a t a  makes t h i s   m o r e   l i k e  
s e v e n   o r   e i g h t   m o n t h s .   T h u s   t h e   s m o o t h e d   a n n u a l  SSN f o r  
m o n t h  49 i s   n o t  known u n t i l   a b o u t   m o n t h  56 o r   5 7 .   T h u s   i n  
a p p l i c a t i o n ,   t h e   f o r e c a s t   c a n n o t   b e   p r e p a r e d   u n t i l   s e v e n   o r  
e i g h t  m o n t h s  a f t e r  t h e  s t a r t  o f  e a c h  o f  t h e  c u r v e s  i n  t h e  
f i g u r e .  
The v a l i d i t y  o f  a r e g r e s s i o n  f i t  c a n   b e   t e s t e d  by  u s i n g  
t h e   s t a n d a r d   s t a t i s t i c a l   t e s t   f o r   t h e   c o n f i d e n c e   t h a t   t h e  
c o r r e l a t i o n   c o e f f i c i e n t   c a l c u l a t e d   i n   t h e   r e g r e s s i o n   i . s   n o n z e r o .  
F o r   e x a m p l e ,   w h e n   f i t t i n g   1 2   o b s e r v a t i o n s   w i t h   o n e   p r e d i c t o r ,  
t h e   t o t a l   n u m b e r   o f   v a r i a b l e s   i n   t h e   c a l c u l a t i o n   i s  2, a n d   t h e  
number o f   d e g r e e s   o f   f r e e d o m   i s   1 2  - 2 = 1 0 ,   s i n c e   t h e r e   a r e  
t w o   a d j u s t a b l e   c o n s t a n t s   i n   t h e   c a l c u l a t i o n .   T h u s ,   f r o m   C r o w  
e t   a l .   ( 1 9 6 0 ) ,  a c a l c u l a t e d   c o r r e l a t i o n   c o e f f i c i e n t   g r e a t e r  
t h a n  r = 0 . 5 7 6  wil g i v e   g r e a t e r   t h a n  0 . 9 5  c o n f i d e n c e   t h a t  
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t he  t rue  c o r r e l a t i o n   c o e f f i c i e n t   i s   g r e a t e r   t h a n   z e r o ;   i . e . ,  
t h a t  the  r e g r e s s i o n  i s  mean ingfu l .  T h u s  i n  the  p r e v i o u s  
e q u a t i o n   f o r  ESTRMS, we c a n   c a l c u l a t e   t h e   r e s i d u a l  sum o f  
s q u a r e s ,  RSS, from 
RSS = TSS ( 1  - r 2 )  
where 
TSS = t h e   t o t a l  sum o f   s q u a r e s   b e f o r e   f i t t i n g ,  
and we h a v e   f o r  t h e  s t a n d a r d   d e v i a t i o n   b e f o r e  f i t t i n g ,  STD, 
S T D  ={No& 1 
TSS 
T h u s ,   p u t t i n g   t h e s e   t o g e t h e r   g i v e s  
ESTRMS D = 4- x iNObS Nabs - N  - I  - 1  tor 
F o r  t h e   a b o v e   c a s e ,  r o f  0 . 5 7 6  g i v e s  
E S T R M S  = 0.857 . 
STD 
Both r and ESTRMS/STD change when N o b s  c h a n g e s .  
I n  f i g u r e  4 . 1  t h e r e   h a s   b e e n   p l o t t e d  b o t h  t h e  s t a n d a r d  d e v i a -  
t i o n  o f  t h e   d a t a  a n d  t he   va lue   o f  ESTRMS c a l c u l a t e d   f r o m   t h e  
a b o v e   f o r m u l a ;   t h e   l a t t e r   i s   l a b e l e d   " 0 . 9 5   c o n f i d e n c e " .  T h u s  
w h e r e v e r   t h e   c u r v e s   p l o t t e d   f o r   t h e   v a r i o u s   f o r e c a s t s   l i e  
below t h i s   l a t t e r   c u r v e ,   t h e r e  i s  g r e a t e r   t h a n   0 . 9 5   c o n f i d e n c e  
t h a t  t h e   r e g r e s s i o n  i s  mean ingfu l .  Where t h e   c u r v e   p l o t t e d  
f o r   t h e   f o r e c a s t   c r o s s e s   t h e   " 0 . 9 5   c o n f i d e n c e "   l i n e  i s  t h e  
l i m i t   f o r   m e a n i n g f u l n e s s  w i t h  t h i s  c o n f i d e n c e .   I n   f i g u r e  4 . 1  
t h e   f o r e c a s t   c u r v e s   h a v e   b e e n   t e r m i n a t e d   a t   h i s   p o i n t .  I n  
a c t u a l   a p p l i c a t i o n   o f  a p a r t i c u l a r   f o r e c a s t   f o r m u l a ,   o n e   w o u l d  
p r o b a b l y   c o n t i n u e   t o   u s e   t h e   f o r e c a s t   b e y o n d   t h a t   p o i n t ,  b u t  
shou ld   r emember   t ha t   t he re  i s  l e s s   c o n f i d e n c e   t h a t  the  f o r e c a s t  
r e s u l t  i s  m e a n i n g f u l l y  d i f f e r e n t  f r o m  the  mean o f   t h e  raw d a t a .  
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W h i l e   t h e   a v e r a g e   d u r a t i o n   o f  a s u n s p o t   c y c l e   i s   a b o u t  
1 1   y e a r s ,   t h e r e   i s  a g r e a t   v a r i a t i o n   f r o m   c y c l e   t o   c y c l e .  I n  
t h e   g r o u p   f r o m   c y c l e   1 2   t h r o u g h   1 9 ,   t h e   l o n g e s t -  was c y c l e  9 
w i t h   1 5 3   m o n t h s ,   a n d   t h e   s h o r t e s t . w a s   c y c l e  8 w i t h   1 1 4   m o n t h s .  
( I n  t h e   e a r l i e r   c y c l e s   w h i c h   w e r e   r e j e c t e d   f r o m   t h i s   a n a l y s i s  
t h e r e  was a n   e v e n   g r e a t e r   s p r e a d ,   w i t h   c y c l e  4 a t   1 7 0   m o n t h s  
a n d   c y c l e  3 a t   1 0 8   m o n t h s . )   T o   a v o i d   m i x i n g   d a t a   f r o m   t h e  
f a l l i n g  p a r t  o f  o n e  c y c l e  w i t h  t h o s e  f r o m  t h e  r i s i n g  p a r t  o f  
t h e   f o l l o w i n g   c y c l e ,   i n   t h e   a n a l y s i s   s h o w n   i n   f i g u r e  4 .1  t h e  
d a t a   w e r e   t e r m i n a t e d   a t   t h e   t i m e   o f   m i n i m u m   a t   t h e   e n d   o f   e a c h  
c y c l e .   T h u s   a l l   1 2   c y c l e s   w e r e   p r e s e n t   f o r   o n l y   1 1 3   m o n t h s  
a f t e r   m i n i m u m ,   o n l y   1 1   c y c l e s   h a d   d u r a t i o n s   u p   t o   1 2 1   m o n t h s  
a f t e r   m i n i m u m ,   a n d  s o  o n .   T h i s   r e s u l t s   i n  a r e d u c t i o n   i n   t h e  
number o f   o b s e r v a t i o n s   a v a i l a b l e   f o r   t h e   a n a l y s i s   a n d   i s   s h o w n  
i n  t h e   f i g u r e .  
Some f e a t u r e s   o f   p a r t i c u l a r   i n t e r e s t   c a n   b e   n o t e d  i n  
f i g u r e   4 . 1 .   T h e   f o r e c a s t s  made f r o m   t h e   d a t a  o f  m o n t h   4 9   ( t h e  
t i m e  o f  maximum o f  t h e   c u r r e n t   c y c l e ) ,   r e m a i n   s i g n i f i c a n t   f o r  
a b o u t  3 y e a r s ,  i . e . ,   t h e   c u r v e   o f  ESTRMS r e m a i n s   b e l o w   t h e  
c u r v e   o f   " 0 . 9 5   c o n f i d e n c e . "   F o r e c a s t s  made f r o m   d a t a  2 y e a r s  
l a t e r   ( m o n t h  7 3 )  r e m a i n   s i g n i f i c a n t   f o r   o n l y   a b o u t  a y e a r   a n d  
a h a l f .   B u t   d a t a  2 y e a r s   l a t e r   s t i l l   ( m o n t h   9 7 ) ,   g i v e   f o r e -  
c a s t s   r e t a i n i n g   t h e i r   s i g n i f i c a n c e   f o r   a b o u t  2 y e a r s .   T h u s  
t h e r e   i s  a p a r t i c u l a r l y   d i f f i c u l t   t i m e   t o   f o r e c a s t ,   s t r e t c h i n g  
f r o m   a b o u t   m o n t h  85 t o   a b o u t   m o n t h   9 5   ( f o r   t h e   c u r r e n t   c y c l e ,  
f r o m   a b o u t  3 y e a r s  a f t e r  t h e  maximum t o   a b o u t   3 . 5   y e a r s   a f t e r  
t h e   m a x i m u m ) .  
It may a l s o   b e   n o t e d   t h a t   f o r   f o r z c a s t s   p r e p a r e d   f r o m   d a t a  
a t   m o n t h   4 9 ,   t h e   e s t i m a t e d   e r r o r   o f   t h e   f o r e c a s t   r i s e s   v e r y  
r a p i d l y ,   r e a c h i n g   i n  1 y e a r  a v a l u e   a l m o s t   a s   h i g h   a s   f o r   a n y  
f u t u r e   t i m e .   T h e r e a f t e r   t h e   e s t i m a t e d   e r r o r   f a l l s   u n t i l   a t  
2 y e a r s  i t  i s  o n l y   h a l f   w h a t  i t  was a t  1 y e a r .   I n   f a c t ,   a t  
a b o u t  2 y e a r s ,   a b o u t   m o n t h  76 o r  7 7 ,   t h e r e   a p p e a r s   t o   b e  a m i n i -  
mum i n  t h e   e r r o r   e s t i m a t e s   f o r   t h o s e   f o r e c a s t s   p r e p a r e d   e a r l i e r .  
T h e   s t a n d a r d   d e v i a t i o n  o f  t h e   o r i g i . n a 1   d a t a   f a l J s   r a p i d l y   t o  
a b o u t   t h i s   t i m e   a n d   t h e n   r e m a i n s   n e a r l y   c o n s t a n t   f o r  2 m o r e   y e a r s .  
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I t  may a l s o  b e  n o t e d   t h a t   b e y o n d  month 76 t h e  f o r e c a s t s ,  
made from  month  61 a r e   a s  good a s   t h o s e  made from  month 73 - - -  
t h e r e  i s  no advan tage   ga ined  by making the  - f o r e c a s t s   f r o m  the  
l a t e r  d a t a .  
B e c a u s e   t h e   p r i m a r y   p r a c t i c a l   i n t e r , e s t   o f  t h i s  a n a l y s i s  
d e a l s  w i t h  t h e   f a l l i n g   p a r t   o f   t h e   p r e s e n t   c y c l e ,   c o n s i d e r a -  
t i o n  was g i v e n   t o  u s i n g  some f e a t u r e   o f   t h a t   p o r t i o n   o f  the  
cyc le   wh ich   wou ld   g ive   add i t iona l   i n fo rma t ion   abou t   he   g iven  
c y c l e   b e i n g   f o r e c a s t .  The smoo thed   annua l   va lue   fo r   t he  s u n -  
s p o t  number c o n t a i n s   o b s e r v a t i o n s  made d u r i n g  the 6 months 
f o l l o w i n g   t h e  month on which the  number i s   c e n t e r e d ,  s o  t h e r e  
i s  good o p p o r t u n i t y   t o   o b s e r v e   t h e   f a l l i n g   m o n t h l y   a v e r a g e s  
t h a t  f o l l o w   t h e  maximum,  and t h u s  w i t h i n  a very  few m o n t h s  
be a s s u r e d  t h a t  t h e  maximum has  been  passed.  Once i t  i r  
p a s s e d ,   t h e   v a l u e   o f   t h e  maximum a n d   t h e   r i s e   t i m e   f r o m   t h e  
p r e c e d i n g  minimum become a v a i l a b l e   a n d   g i v e   i n f o r m a t i o n   a b o u t  
t h e   s h a p e   o f   t h e   c y c l e .  
The most   obvious way t o  make u s e   o f   t h e   i n f o r m a t i o n  t h a t  
t h e  maximum has   been   pas sed   i s   t o   measu re   t ime   w i th in   t he  
c y c l e   f r o m   t h e  maximum r a t h e r  t h a n  f rom  the  minimum. T h a t  i s ,  
when a s s e m b l i n g   t h e   d a t a   f r o m   t h e   p r e c e d i n g   c y c l e s   f o r   c o m p a r i -  
s o n   w i t h   t h e   p r e s e n t   o n e ,  t o  l i n e  them u p  w i t h   t h e i r  maxima 
c o i n c i d i n g   r a t h e r   t h a n  w i t h  t h e i r  minima c o i n c i d i n g .   T h i s   h a s  
h i s t o r i c a l   j u s t i f i c a t i o n   f r o m   W a l d m e i e r ' s   s t u d i e s   s h o w i n g  t h a t  
t h e   s h a p e   o f   t h e   w h o l e   c y c l e   i s   s t r o n g l y   d e p e n d e n t  on t h e  
va lue   o f  the m a x i m u m ,  w i t h  a m p l i t u d e s  a t  s e l e c t e d  l a t e r  t i m e s  
d e p e n d e n t   l a r g e l y  on t h a t  maximum v a l u e   ( V i t i n s k i i ,  1 9 6 2 ) .  
A l s o ,  when t h e   c y c l e s   a r e   l i n e d  u p  w i t h  t h e i r  minima c o i n -  
c i d i n g ,   t h e r e   i s  a t ime  from 3 8  months   to  63  months a f t e r   t h e  
s t a r t  when some c y c l e s  a r e  s t i l l  i n c r e a s i n g   w h i l e   o t h e r s   a r e  
a l r e a d y   d e c r e a s i n g   a f t e r   t h e i r  maximum. Lined u p  w i t h  maxima 
c o i n c i d i n g ,   a l l   o f   t h e   c y c l e s   a r e   g e n e r a l l y   d e c r e a s i n g   t h e r e -  
a f t e r .  
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T h i s   l e a d s   u s   t o   f o r m u l a  (F2), w h i c h   i s   a n   e q u a t i o n   t h a t  
l o o k s   t h e  same  as (Fl), e x c e p t  t h a t  i t s  c o n s t a n t s  a r e  t o  b e  
d e r i v e d   f r o m   d a t a   l i n e d   u p   w i t h   t h e   c y c l e   m a x i m a   c o i n c i d i n g ,  
r a t h e r   t h a n   w i t h   t h e   m i n i m a   c o i n c i d i n g ,   a s  was t h e   c a s e   f o r  
f o r m u l a  (Fl). 
T h e   r e s u l t s   f r o m   f o r m u l a  (F2) a r e  s h o w n  i n  f i g u r e  4 . 2 .  
T h i s   f i g u r e   h a s   b e e n   p r e p a r e d   t o   f a c i l i t a t e   d i r e c t   c o m p a r i s o n  
w i t h   f i g u r e   4 . 1 ;   t h e   a b s c i s s a s   o f   t h e   t w o   f i g u r e s   a r e   l i n e d  
up a p p r o p r i a t e l y   f o r   t h e   c u r r e n t   c y c l e .   A g a i n   t o   f a c i l i t a t e  
c o m p a r i s o n s   a m o n g   t h e   d i f f e r e n t   f o r m u l a s ,   t h e   c u r v e s   a r e   n o t  
l a b e l e d   w i t h   t h e   m o n t h   n u m b e r  k w h i c h   h a s   a n   a w k w a r d   d i f f e r e n c e  
o f  4 9  b e t w e e n   t h e   m i n i m u m   l i n e u p   f o r m u l a s   a n d   t h e   m a x i m u m  
l i n e u p   f o r m u l a s .   I n s t e a d ,   t h e   c o r r e s p o n d i n g   c u r v e s   a r e   l a b e l e d  
Y O ,  Y1, Y2, e t c .  , w h i c h   r e p r e s e n t   t h e   n u m b e r   o f   y e a r s   a f t e r  
t h e  maximum of t h e  p r e s e n t  cycZe t o  t h e  l a t e s t  o b s e r v a t i o n a l  
d a t a   u s e d   f o r   t h e   f o r e c a s t s   r e p r e s e n t e d   b y   t h a t   c u r v e .  As 
a p p l i e d   t o   f i g u r e  4 . 2  t h e s e   d e s i g n a t i o n s   a r e   s t r a i g h t f o r w a r d .  
As a p p l i e d   t o   f i g u r e   4 . 1 ,   h o w e v e r ,  i t  m u s t   b e   r e m e m b e r e d   t h a t  
t h e   s t r a i g h t f o r w a r d   m e a n i n g   o f   t h e   d e s i g n a t i o n s   a p p l i e s   o n l y  
t o   t h e   p r e s e n t   c y c l e .   T h a t   i s ,   i n   t h e   p r e s e n t   c y c l e  (No. 2 0 )  
t h e  maximum o c c u r r e d   a t  4 9  m o n t h s   a f t e r   t h e   m i n i m u m .   T h u s  
f o r  m i n i m u m   l i n e u p   d a t a   t h e   d e s i g n a t i o n  Y O  r e a l l y  means t h a t  
t h e   l a t e s t   d a t a   u s e d   w e r e   t h o s e   f o r  4 9  m o n t h s   a f t e r   t h e   m i n i -  
mum, a n d   t h a t   i n t e r p r e t a t i o n   n e e d s   t o   b e   k e p t   i n   m i n d   f o r   t h e  
g e n e r a l   a p p l i c a t i o n   o f   f i g u r e   4 . 1   t o   a r b i t r a r y   f u t u r e  
c y c l e s .   F o r   s u c h  a g e n e r a l   a p p l i c a t i o n ,   t h e   d e s i g n a t i o n s   a r e  
i n d e e d   a w k w a r d   t o   u s e ,   b u t   t h e y   g r e a t l y   s i m p l i f y   t h e   c o m p a r i -  
s o n s  o f  g r e a t e s t   p r a c t i c a l   i n t e r e s t   f o r   t h e   n e x t   s e v e r a l   y e a r s ,  
t h o s e   p e r t a i n i n g   t o   t h e   l a t t e r   p o r t i o n   o f   t h e   p r e s e n t   c y c l e .  
T h e   m o s t   o b v i o u s   c o m p a r i s o n   o f   f i g u r e   4 . 2   w i t h   f i g u r e   4 . 1  
i s   t h a t   t h e   e s t i m a t e d  rms e r r o r   f o r   c u r v e  Y O  i n c r e a s e s  much l e s s  
r a p i d l y ,   b u t   w i t h o u t   t h e   d i p   a b o u t  2 y e a r s  a f t e r  i t s  s t a r t .  
T h a t   i s ,   a t  1 2  m o n t h s   a f t e r   t h e   m a x i m u m ,   t h e  E S T R M S  o f  f i g u r e  
4.1 i s  1 3 . 5  SSN u n i t s ,   w h i l e   f o r   f i g u r e   4 . 2  i t  i s  o n l y   6 . 1  S S N  
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Figure 4 . 2  
u n i t s ;   h o w e v e r ,   a t   2 8   m o n t h s   a f t e r   t h e   m a x i m u m  i t  i s  o n l y  
6 . 8  S S N  u n i t s   f o r   f i g u r e   4 . 1   b u t   1 1 . 8   u n i t s   f o r   f i g u r e   4 . 2 .  
It may a l s o   b e   n o t e d   f o r   c u r v e  Y O  t h a t   t h e   d u r a t i o n   f r o m   t h e  
s t a r t  o f  t h e  f o r e c a s t  u n t i l  it c r o s s e s   t h e   " 0 . 9 5   c o n f i d e n c e ' '  
l i n e  i s  a l m o s t  a y e a r   l o n g e r   t h a n   i n   f i g u r e   4 . 1 ,   b u t   ( u n f o r t u -  
n a t e l y   f o r   t h e   p r e c i s i o n   o f   t h e   f o r e c a s t s )   t h r o u g h o u t   m o s t   o f  
t h e   f i g u r e   t h e   s t a n d a r d   d e v i a t i o n   o f   f i g u r e   4 . 2   i s   h i g h e r   t h a n  
t h a t   o f   i g u r e   4 . 1 .   C o n s e q u e n t l y ,   t h e  Y O  c u r v e s   a r e   a b o u t  
e q u a l l y   h i g h  when t h a t   o f   f i g u r e   4 . 2   c r o s s e s   t h e   " 0 . 9 5   c o n f i -  
d e n c e "   l i n e .  I n  o t h e r   w o r d s ,   i s  i t  a n y   - b e t t e r   t o   h a v e   c o n f i -  
dence i n  a f o r e c a s t ,  i f  i t s  r e s u l t i n g  e s t i m a t e d  e r r o r  i s  n o  
b e t t e r  t h a n  t h e  mean o f  t h e  d a t a  o f  f i g u r e  4 . 1 1  
T h e s e   c o m p a r i s o n s   b e t w e e n   t h e   c o r r e s p o n d i n g   c u r v e s   o f  
t h e s e   t w o   f i g u r e s   a r e  s o  d i f f i c u l t  t h a t  t h e  p a i r s  o f  c u r v e s  
h a v e   b e e n   e x t r a c t e d   a n d   a r e   s h o w n  i n  f i g u r e s   4 . 3   t h r o u g h   4 . 8 .  
I n   f i g u r e   4 . 3   i s  s h o w n   t h e   c o m p a r i s o n   o f   t h e  Y O  c u r v e s ,   t h o s e  
made f r o m   d a t a   a t   z e r o   t i m e   a f t e r   t h e  maximum. It can   be   seen  
t h a t  f o r  t h e  f i r s t  2 0  m o n t h s  t h e  maximum l i n e u p   c u r v e   g i v e s  
d i s t i n c t l y   l e s s   e r r o r   t h a n   t h e   m i n i m u m   l i n e u p   c u r v e .   T h e r e a f t e r ,  
h o w e v e r ,   t h e   s i t u a t i o n   i s   r e v e r s e d ,   w i t h   t h e   m i n i m u m   c u r v e  
g i v i n g   t h e   l e s s e r   e r r o r   f o r   t h e   n e x t   2 4   m o n t h s .  The l i m i t s   o f  
0 . 9 5   c o n f i d e n c e   t h a t   t h e s e   f o r e c a s t s   a r e   s i g n i f i c a n t   a r e   s h o w n  
b y   f l a g s   o n   t h e   c u r v e s   a t   t h e   p o i n t s   w h e r e   t h e y   c r o s s   t h e  0 . 9 5  
c o n f i d e n c e   l i n e s ,   a n d   t h e   l o n g e r   d u r a t i o n   f o r   t h e   m a x i m u m   c u r v e  
i s   a l s o   e v i d e n t .  
F o r   f o r e c a s t s  made f r o m   d a t a  1 y e a r   a f t e r  max imum,   the  
a d v a n t a g e   o f   t h e   m a x i m u m   l i n e u p   h a s   v a n i s h e d .   F i g u r e   4 . 4  
shows t h a t   w h i l o   b o t h   m e t h o d s   s t a r t   o u t   a b o u t   t h e  same,  by 
8 m o n t h s   a f t e r   t h e   f o r e c a s t s   h a v e   b e e n  made, t h e   e r r o r   f r o m  
t h e   m i n i m u m   l i n e u p   i s   m a r k e d l y   l o w e r   t h a n   t h e   o t h e r ,   a n d   r e -  
m a i n s  s o  u n t i l   t h e   e x p i r a t i o n   o f   t h e   0 . 9 5   c o n f i d e n c e   r e g i o n s .  
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An e x a m i n a t i o n   o f   a l l   o f   t h e   f i g u r e s   4 . 3   t h r o u g h   4 . 8   s h o w s  
a c o n s i s t e n c y   t h a t .   a p p e a r s   i n d i c a t i v e   o f  a p o s s i b l e   i m p r o v e d  
f o r e c a s t i n g   m e t h o d ,   b u t  it i s  n o t   f u l l y   s a t i s f y i n g .   F o r   t h e  
f i r s t  If y e a r s  a f t e r  t h e  maximum, f o r e c a s t s   p r e p a r e d   f r o m   t h e  
maximum l i n e u p   a r e   d i s t i n c t l ' y   b e t t e r   t h a n   t h e   o t h e r s .   F r o m  
1 3  t o   3 1   y e a r s   a f t e r   t h e  maximum, t h e   c o n t r a r y   h o l d s :   f o r e c a s t s  
p r e p a r e d   f r o m   t h e   m i n i m u m   l i n e u p   a r e   t h e   b e t t e r .   T h e n   f r o m  3; 
y e a r s   t o   t h e   e n d   o f   t h e   c y c l e   t h e   s i t u a t i o n   r e v e r s e s   a g a i n ,  
a n d   t h e   f o r e c a s t s   p r e p a r e d   f r o m   t h e   m a x i m u m   l i n e u p   ' a r e   a l w a y s  
a t  l e a s t  a s   g o o d   a s   t h e   o t h e r s   a n d   f r e q u e n t l y   b e t t e r .  
T h i s  may p e r h a p s   b e  a v a l i d   c o n c l u s i o n ,   b u t  i t i s  uncom- 
f o r t a b l y   c l o s e   t o   f a l l i n g   i n t o   t h e   s t a t i s t i c a l   t r a p   o f   u s i n g  
d i f f e r e n t   a n a l y s e s   t o   g e t   g o o d   f i t s   t o   s h o r t   p o r t i o n s   o f  a 
l o n g   d a t a   s e t .  It i s   w e l l  known t h a t  i f  e n o u g h   d i f f e r e n t  
f u n c t i o n s   a r e   f i t t e d   t o  a l o n g   s e t   o f   d a t a ,   o n e   f u n c t i o n  may 
f i t  t h e   d a t a   w e l l   f o r  a s h o r t   t i m e ,   a n o t h e r   f u n c t i o n   f o r  a 
d i f f e r e n t   s h o r t   t i m e ,   a n d  s o  o n .  It c o u l d   b e   a r g u e d   t h a t   s u c h  
i s   n o t   t h e   c a s e   w i t h   t h i s   r e s u l t   b e c a u s e   o f   t h e   c o n t i n u i t y  
o f  t h e   c o n c l u s i o n s   o v e r  a s i z a b l e   p o r t i o n  o f  t h e   c y c l e p   a n d  
b e c a u s e  it comes n o t   f r o m  a s e a r c h   a m o n g   m a n y   d i f f e r e n t   f o r -  
m u l a s   b u t   r a t h e r   f r o m  a s i n g l e  a p r i o r i  h y p o t h e s i s :   t h a t  
b e h a v i o r   s h o r t l y   a f t e r   t h e  maximum s h o u l d   b e   i n f l u e n c e d   m o r e  
b y   t h e   t i m e   f r o m  maximum t h a n   t h e   t i m e   f r o m   m i n i m u m  some 4 
y e a r s  o r  s o  f a r t h e r   a w a y .  
It c o u l d   e v e n   b e   a r g u e d '   t h a t   t h e   s u d d e n   d r o p   i n   t h e  
s t a n d a r d   d e v i a t i o n   o f   t h e   m i n i m u m   l i n e u p   d a t a   t h a t   o c c u r s  6 3  
y e a r s   i n t o   t h e   c y c l e   m i g h t   w e l l   b e   o n l y  a s t a t i s t i c a l  f l u c -  
t u a t i o n   r e s u l t i n g   f r o m   t h e   s m a l l   n u m b e r   o f   c y c l e s   a v a i l a b l e  
f o r  a n a l y s i s ,   t h u s   l e a d i n g  t o  a p o s s i b l y   f a l s e   p r e f e r e n c e  
f o r   t h e   m i n i m u m   l i n e u p   f o r m u l a s   a t   h a t   i m e .   H o w e v e r ,  we 
p r e f e r   t o   s t a y  away f r o m   t h a t   r a p   a n d   t h e s e   a r g u m e n t s .   T h e  
a p p r o a c h   t h a t   h a s   b e e n   u s e d  i n  t h i s   a n a l y s i s   i s   n o t   t o  l o o k  
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f o r  a f o r m u l a  t h a t  wil -be e f f e c t i v e  f o r  o n l y  a s h o r t   t i m e ,  
b u t  i n s t e a d  t o  look f o r  a f o r m u l a   t h a t  wil b e   g e n e r a l l y  
b e t t e r  t h a n  t h e  f o r m e r  m e t h o d  d u r i n g  a l l  o f  t h e  f a l l i n g  p o r -  
t i o n  o f  t h e   c y c l e ,   a n d   n e v e r   b e   n o t i c e a b l y   a n y . w o r s e .   T h u s   t h e  
r e s u l t s  o f  f i g u r e  4 . 2  a r e   i n t e r p r e t e d   a s   n o t   s h o w i n g   a n  
a c c e p t a b l e   i m p r o v e m e n t   o v e r   t h e   u p d a t e d   M c N i s h - L i n c o l n   m e t h o d  
shown i n  f i g u r e  4 . 1 .  
T h e   m o s t   o b v i o u s   s i n g l e   l i n e a r   p r e d i c t o r   t o   c h o o s e  i s  
t h e  l a t e s t  o b s e r v a t i o n  o f  t h e  S S N ,  a n d  t h a t  i s  w h a t  was  done 
i n   f i g u r e s  4 . 1  and  4 . 2 .  D u r i n g   t h e   f a l l i n g   p o r t i o n   o f   t h e  
c y c l e   t h e r e   a r e   t w o   o t h e r   o b v i o u s   p o s s i b l e   p r e d i c t o r s ,   t h e  
v a l u e  o f  t h e  m a x i m u m   a n d   t h e   r i s e t i m e   f r o m   t h e   m i n i m u m   t o  
the   max imum.   The   f o rmer  o f  t h e s e   c o i n c i d e s   w i t h   c u r v e  Y O  
o f   f . i g u r e  4 . 2 ,  a n d  s o  h a s   a l r e a d y   b e e n   d o n e .   T h e   l a t t e r  i s  
shown i n  f i g u r e  4 . 9 ,  w h e r e  it i s  p l o t t e d  t o g e t h e r  w i t h  t h e  
Y O  c u r v e s   f r o m   f i g u r e  4 . 3 .  I t  c a n   b e   s e e n   t h a t   h e   c o n f i d e n c e  
o f   t h i s   b e i n g  a s i g n i f i c a n t   p r e d i c t o r   l a s t s   l o n g e r   t h a n  i t  
d o e s   f o r   e i t h e r   o f   t h e   o t h e r   c u r v e s ,   b u t   t h e r e   a r e   o n l y  a few 
m o n t h s   w h e r e   t h e   r e s u l t i n g   e s t i m a t e d   e r r o r   i s   a n y   b e t t e r   t h a n  
f o r   t h e   o t h e r   c u r v e s ;   m o s t  o f  t h e   t i m e  it i s  much  worse .  
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5 .  M U L T I P L E   L I N E A R  PREDICTORS 
I n   s e l e c t i n g  a s ing le  p r e d i c t o r  f o r  a f o r e c a s t   f o r m u l a ,  
t he   mos t   obv ious   cho ice  1 s  t o   u s e   t h e   l a t e s t   a v a i l a b l e  o b s e r -  
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t i o n a l   p r e d i c t o r s ,  an a p p r o p r i a t e   c h o s ' c e  i s  t o  use one o r  
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When t h e   s e c o n d   p r e d i c t o r   i s   c h o s e n   a s   t h e   r i s e t i m e  o f  
t h e   c y c l e ,   t h e   r e s u ' l t s   a r e  much b e t t e r .  T h e   f o r m u l a ' h e r e   i s  
S 
j 
w + b 2  S k  
w h e r e  W i s   t h e   r i s e t i m e  o f  t h e  c y c l e   i n   m o n t h s .   T h i s   f o r m u l a  
i s  i n a p p r o p r i a t e  i f  a p p l i e d  t o  t h e   e a r l y   p o r t i o n  o f  d a t a   l i n e d  
up w i t h   t h e i r   m i n i m a   c o i n c i d i n g .   T h e   l o n g e s t   r i s e t i m e   i n   t h e  
d a t a   b a s e  i s  6 3  m o n t h s p  s o  p r i o r  t o  6 3  m o n t h s   a f t e r   t h e   m i n i m u m  
t h i s   f o r m u l a  would p r e s u m e   p r e s c i e n c e   o f  a v a l u e   f o r   t h e   r i s e -  
t i m e   t h a t   i s   n o t   y e t   c o m p l e t e d .   A f t e r   t h a t   t i m e  i t  would be 
p o s s i b l e   t o   u s e   t h i s   f o r m u l a   f o r   t h e   m i n i m u m   l i n e u p   d a t a ,   b u t  
i t s  c a l c u l a t i o n s  d i d  n o t  show  enough   improvemen t  t o  b e   w o r t h  
s t u d y i   n g   f u r t h e r .  
When t h i s   f o r m u l a   i s   a p p l i e d  t o  t h e   m a x i m u m   l i n e u p   d a t a ,  
h o w e v e r g  i t  g i v e s   v e r y   g o o d   i m p r o v e m e n t s ,  a s  c a n   b e   s e e n   f r o m  
f i g u r e s  5 . 5  t h r o u g h  -$07a H e r e  aga-s'n t h e  new r e s u l t s   a r e  
s u p e r i m p o s e d  On t h e   g r a p h s   f r o m   f i g u r e s  4 . 3  t h r o u g h  4 . 5 ,  s o  
d i r e c t   c o m p a r i s o . s i   s   p o s s i b l e   w i t h   t h e   f o r m e r   f o r m u l a s .   I n  
f i g u r e  5 . 5  i t  c a n   b e   s e e n   t h a t   h e  new f o r m u l a   i s  a t  a i l  
t i m e s  a s  g o o d   a s   t h e   b e t t e r   o f   t h e  t w o  p r e v i o u s   f o r m u l a s .   F o r  
t h e  f i r s t  I f  y e a r s  i t  f o l l o w s  t h e  maximum l i n e u p   c u r v e ,  a n d  
t h e r e a f t e r  i t  follows t h e   m i n i m u m   l i n e u p   c u r v e .  i n  f i g u r e  5 . 6  
t h e  new f o r m u l a  i s  a l m o s t  as good a s  t h e   m i n i m u m   l i n e u p   c u r v e .  
I n  f i g u r e  5 . 7 ,  h o w e v e r ,   t h e  new f o r m u l a   f o l l o w s   t h e   p o o r e r   o f  
t h e   t w o   o t h e r   c u r v e s ,   t h a t   f r o m   t h e   m a x i m u m   l i n e u p .   T h i s  i s  
n o t   t o o   s u r p r i s i n g ,   s i n c e   t h e   i n f l u e n c e  o f  t h e   r i s e t i m e   o n  
t h e   p r e d i c t i o n   c o u l d   b e   e x p e c t e d   t o   b e c o m e   s m a l l   w h e n   r e a c h i n g  
a t i m e  3 o r  m o r e   y e a r s   i n t o   t h e   P a l l i n g   p a r t   o f  t h e  c y c l e .  
A v e r a g e d  ~ v e r  a l l  o f  t h e   t i m e s   s h o w n   i n   f i g u r e s  5 . 5  t h r o u g h  
5 . 7 ,  t h i s   f o r m u l a   g i v e s  a d e c i d e d   a d v a n t a g e   o v e r   e i t h e r   f o r m u l a  
( F l )  or  ( F 2 )  w h i c h   w e r e   d e r i v e d   f r o m  a s i n g l e   o b s e r v a t i o n .  The 
p o o r e r   p e r f o r m a n c e   i n   f i g u r e  5 . 7  i s  o v e r w e i g h e d   b y   t h e   m u c h  
44 
b e t t e r   p e r f o r m a n c e   s h o w n   i n   f i g u r . e s  5 .5  and  5 .6 .  ' Whereas 
f o r m u l a s  ( F l )  a n d  ( F 2 )  h a d   a d v a n t a g e ' s   o n e   o v e r   t h e   o t h e r   a t  
d i f f e r e n t  p a r t s  o f  t h e  c y c l e ,  t h i s  new f o r m u l a   r e p r e s e n t s  a 
u n i f o r m   f o r e c a s t i n g   m e t h o d   w h o s e   o v e r a l l   p e r f o r m a n c e   i s  
b e t t e r   t h a n   e i t h e r   o f   t h e   o t h e r s .   T h u s   t h i s   f o r m u l a   d o e s  
s a t i s f y   t h e   c r i t e r i a   t h a t   w e r e   e s t a b l i s h e d   a n d   c a n   b e   c o n -  
s i d e r e d   t o   b e   a n   i m p r o v e m e n t   o v e r   t h e   p r e v i o u s   f o r m u l a s .  
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6 .  NONLINEAR PREDICTORS 
When n o n l i n e a r  p r e d i c t o r s  a r e  a d m i  t - t e d  t o  t h e  f o r e c a s t  
f o r m u l a ,  i t  makes p o s s i b l e  a v e r y   l a r g e   c h o i c e   o f   p r e d i c t o r s .  
It m u s t   b e   r e m e m b e r e d   t h a t   t h e   r e g r e s s i o n   c a l c u l a t i o n s   b e i n g  
u s e d   a r e   b a s e d   o n  a l i n e a r  sum o f  t h e  p r e d i c t o r s ,  b u t  t h e  
f o r m   o f   t h e   i n d i v i d u a l   p r e d i c t o r s  i s  c o m p l e t e l y   a r b i t r a r y .  
They may b e   l i n e a r ,   n o n l i n e a r ,   o r   t r a n s c e n d e n t a l   f u n c t i o n s   o f  
a n y   n u m b e r   o f   t h e   a v a i l a b l e   v a r i a b l e s .   T h e r e   i s   t h e   c o m p u t a -  
t i o n a l   l i m i t a t i o n   t h a t   n o n e   o f   t h e m  may b e   l i n e a r l y   d e p e n d e n t  
o n   t h e   o t h e r s   w i t h   r e s p e c t   t o   t h e   s e t   o f   o b s e r v a t i o n s   u s e d   i n  
t h e   c a l c u l a t i o n ,   b u t   t h i s   i s   e a s i l y   a v o i d e d   a n d   i s   c h e c k e d   i n  
t h e   c a l c u l a t i o n s .   O t h e r   t h a n   t h a t ,   t h e   o n l y   l i m i t a t i o n   i s   o n e  
o f   r e a s o n a b l e n e s s   o f   t h e   c o m p l e x i t y   u s e d .  
The  use o f   n o n l i n e a r   c o m b i n a t i o n s  o f  t h e   v a r i a b l e s  i s  
m o r e   t h a n  a m e r e   b l i n d   s e a r c h .   F o r   i n s t a n c e ,  i t  i s   n o t   u n -  
r e a s o n a b l e  a p r i o r i  t o   s u s p e c t   t h a t   r e g r e s s i o n   r e l a t i o n s h i p s  
w h i c h  may b e   a p p r o p r i a t e   f o r   h i g h   p a r t s   o f   t h e   c y c l e   d i f f e r  
f r o m   t h o s e   t h a t   w o u l d   b e   a p p r o p r i a t e   f o r   l o w   p a r t s   o f   t h e  
c y c l e .  One way o f   t e s t i n g   t h i s   s u s p i c i o n   w o u l d   b e   t o   s e p a r a t e  
t h e   d a t a   i n t o   g r o u p s   h a v i n g   d i f f e r e n t   a v e r a g e   v a l u e s ,   a n d   t h e n  
t o  see i f  t h e   r e g r e s s i o n   r e l a t i o n s h i p s   d i f f e r  w h e n   d e v e l o p e d  
o n   t h e   d i f f e r e n t   g r o u p s .  A m o r e   c o n v e n i e n t   p r o c e s s   f o r  com- 
p u t e r   s o l u t i o n  i s  t o   i n c l u d e   i n   t h e   r e g r e s s i o n   e q u a t i o n   n o t  
o n l y   t e r m s   l i n e a r   i n   t h e   o b s e r v a t i o n s   b u t   a l s o   t e r m s   o f  
h i g h e r   o r d e r ,   l i k e   t h e   s q u a r e   o r   t h e   c u b e .  I f  t h e r e   i s   i n d e e d  
a n y   s i g n i f i c a n t   d i f f e r e n c e   i n   t h e   r e g r e s s i o n   r e l a t i o n s h i p  
d e p e n d i n g   o n   t h e   a m p l i t u d e   o f   t h e   o b s e r v a t i o n ,   b e t t e r   r e s u l t s  
c a n   b e   e x p e c t e d   f r o m   t h e   e q u a t i o n s   i n c l u d i n g   t h e   h i g h e r   p o w e r s  
t h a n   f r o m   t h e   e q u a t i o n s   n o t   i n c l u d i n g   t h e m .  If t h e   r e l a t i o n -  
s h i p  i s  a s t r o n g   o n e ,  a s e a r c h   c a n   t h e n   b e  made f o r   t h e   p o w e r  
t h a t   b e s t   r e p r e s e n t s  i t .  On t h e   o t h e r   h a n d ,  i f  t h e   d e p e n d e n c e  
o n   a m p l i t u d e   i s  a weak  one it wil make l i t t l e  d i f f e r e n c e  
w h i c h   p o w e r  i s   i n c l u d e d   i n   t h e   e q u a t i o n .  
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Thus t r i a l s  w e r e  made o f   e q u a t i o n s   t h a t   i n v o l v e d   o b s e r v a -  
t i o n s  made a t  a s i n g l e   t i m e ,   t o g e t h e r   w i t h   t h e   s q u a r e   o f   t h e s e  
o b s e r v a t i o n s .   T h e n   t r i a l s   w e r e  made o f   e q u a t i o n s   i n v o l v i n g  
o b s e r v a t i o n s  made a t  t w o  d i f f e r e n t  t i m e s ,  t o g e t h e r  w i t h  t h e  
s q u a r e s   a n d   c r o s s   p r o d u c t s   o f   t h e s e   o b s e r v a t i o n s .   M o s t   o f  
t h e s e   e q u a t i o n s   s h o w e d   m o r e   o r   l e s s   a d v a n t a g e   f o r  a r e s t r i c t e d  
p o r t i o n  o f  t h e  c y c l e ,  b u t  t h e y  d i d  n o t  m e e t  t h e  c r i t e r i o n  we 
h a d   e s t a b l i s h e d   o f   g i v i n g   g e n e r a l   i m p r o v e m e n t   t h r o u g h o u t   t h e  
f a ' l l i n g  p o r t i o n  o f  t h e  c y c l e ,  w i t h o u t  e v e r  b e i n g  s i g n i f i c a n t l y  
w o r s e   t h a n   t h e   f o r m e r   e q u a t i o n s .   F o r   i n s t a n c e ,   e q u a t i o n s  
t r i e d  i n c l u d e d  
= b o  + b l  S k  + b 2  St . 
j 
When t h i s  was a p p l i e d  t o  t h e   d a t a   f r o m   m i n i m u m   l i n e u p   o f   t h e  
c y c l e s ,  i t  g a v e   n o   v i s i b l e   i m p r o v e m e n t   o v e r   f o r m u l a  ( F l ) ,  
w h i c h   d o e s   n o t   i n c l u d e   t h e   t e r m   i n  Sc. T h u s ,   t h e   s u p p o s i t i o n  
o f  dependence  o f  . t h e  r e g r e s s i o n  r e l a t i o n s h i p  o n  a m p l i t u d e  w a s  
n o t   c o n f i r m e d .  On t h e   o t h e r   h a n d ,   w h e n   t h i s   f o r m u l a  w a s  t r i e d  
o n   t h e   d a t a   f r o m   t h e   m a x i m u m   l i n e u p   o f   t h e   c y c l e s ,  some i m -  
p r o v e m e n t  was e v i d e n t  s h o r t l y  a f t e r  c y c l e  max imum  and   a l so  
n e a r   t h e   e n d  o f  t h e   c y c l e ,   b u t   n o t   a s  m u c h   a s   f r o m   f o r m u l a   ( F 4 ) .  
B u t   t h i s   g a v e   e n c o u r a g e m e n t   t o   t h e   i n c l u s i o n   o f   t h e   s q u a r e  
t e r m   i n   o t h e r   f o r m u l a s   b e i n g   t r i e d .  
T u r n i n g   t o   f o r m u l a s   t h a t   i n v o l v e   t w o   o b s e r v a t i o n s   a t  
d i f f e r e n t   t i m e s ,  we t r i e d  
sj = b o  + b l  S k  + b 2  Sk-12  Sk . 
F o r   t h e   m i n i m u m   l i n e u p   o f   t h e   c y c l e s ,   t h i s   g a v e   n o   v i s i b l e  i m -  
p r o v e m e n t .   F o r   t h e   m a x i m u m   l i n e u p ,  i t  gave  some i m p r o v e m e n t  
d u r i n g   t h e   l a t e r   p h a s e s   o f   t h e   c y c l e   d e c a y ,   b u t  was d i s t i n c t l y  
w o r s e   d u r i n g   t h e   e a r l i e r   p h a s e s .  
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Other   formu1a .s   tha t   were  t r i e d  w i t h o u t  s a t i s f a c t o r y  i m -  
p rovement   inc luded  
= b o  + b ,  S k - 1 2  
j + b 2  'k + b 3  ' k - 1 2  'k + b g  * ( F I I )  
Formulas ( F 7 )  t h rough  ( F 1 1 )  a l l   i n v o l v e d   o n l y   o b s e r v a t i o n s  
t h a t   w e r e   n o t   s p e c i f i c a l l y   r e l a t e d   t o   t h e   c y c l e   s h a p e ,  a n d  t h u s  
a r e   e q u a l l y   w e l l   a p p l i x a b l e   t o   t h e   d a t a   d e r i v e d   f r o m  the l i n e u p  
o f   c y c l e  minimum o r  maximum. I n   a d d i t i o n ,  by r e s t r i c t i n g   a t t e n -  
t i o n   t o   t h e  maximum l i n e u p ,   p r e d i c t o r s   s u c h   a s   t h e   r i s e t i m e  R 
can be inc luded ,   and   were   a l r eady   found   t o  be u s e f u l   i n   ( F 4 ) .  
Thus we t r i e d  
3 = b o  + b l  R + b, S k  + b 3  R S k  
j ( F 1 2 ) '  . 
s = b o  + b ,  R + b, S k  + b 3  S k - , ,  S k  
j 
A 
S = b o  + b l  R + b, S k  + b 3  s i  
j 
.$ = b o  + b ,  R + b, S k  + b 3  S i  + b 4  R 2  . 
j 
The f i r s t  t w o  o f   t h e s e ,  ( F 1 2 )  and ( F 1 3 ) ,  d i d  n o t   g i v e   s a t i s f a c t o r y  
improvement ;   however ,   (F14) ,which   i s   the  same a s   ( F 4 )  b u t  w i t h  
t h e   a d d i t i o n   o f  a term i n  S;, was found   t o  be  an  improvement 
on ( F 4 )  a n d  on a l l   D r e v i o u s   f o r m u l a s   t r i e d .   F o r m u l a   ( F 1 5 ) ,  
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w h i c h  i s  t h e  same a s   ( F 1 4 )   b u t   w i t h   t h e   a d d i t i o n   o f  a t e r m  i n  
R 2 ,  g a v e   s l i g h t l y   l e s s   i m p r o v e m e n t   t h a n   ( F 1 4 )   d i d ,   s h o w i n g  
t h a t   t h e   a d d i t i o n a l   t e r m  i n  R 2  c o n t r i b u t e d   n o t h i n g   b u t   n o i s e  
t o   t h e   f o r e c a s t .  
T h u s   f o r m u l a   ( F 1 4 )   w a s   c h o s e n   a s   t h e   f i n a l   f o r m u l a .   I t s  
e r r o r   c o m p a r i s o n s   a r e   s h o w n  i n  f i g u r e s   6 . 1   t h r o u g h   6 . 4 ,   w h e r e  
it i s  c o m p a r e d   w i t h   t h e   f o r m u l a s   u s i n g  a s i n g l e   p r e d i c t o r   b o t h  
f r o m   t h e  maximum l i n e u p   a n d   f r o m   t h e   m i n i m u m   l i n e u p   o f   t h e  
d a t a .  It c a n   b e   s e e n   t h a t   h i s   f o r m u l a   ( F 1 4 )   g i v e s   a n   e s t i m a t e d  
e r r o r  o f  i t s  f o r e c a s t  t h a t  i s  n e a r l y  a s  s m a l l  a s  t h e  s m a l l e r  o f  
t h e   o t h e r   f o r m u l a s ,   w h i c h e v e r   t h a t  may   be .   Fo r   examp le ,  i n  
f i g u r e   6 . 1   t h e   s i n g l e - t e r m   f o r m u l a   f r o m   t h e   m a x i m u m   l i n e u p   i s  
much b e t t e r  t h a n  t h a t  f r o m  t h e  m i n i m u m  l i n e u p  f o r  t h e  f i r s t  
y e a r   a n d   h a l f .   T h e  new f o r m u l a   a g r e e s   w i t h   t h i s   b e t t e r   e s t i -  
m a t e .   T h e n ,   a f t e r   t h e   f i r s t   y e a r   a n d  a h a l f ,   t h e   s i n g l e - t e r m  
f o r m u l a s   s w i t c h   p l a c e s ,   t h a t   f r o m   t h e   m i n i m u m   l i n e u p   b e c o m i n g  
t h e   b e t t e r .   B u t   h e  new f o r m u l a   ( F 1 4 )   c o n t i n u e s   t o   f o l l o w   t h e  
b e t t e r   o f   t h e   t w o ,   w h i c h  now i s  a d i f f e r e n t   o n e   f r o m   t h a t   w h i c h  
i t  was f o l l o w i n g   p r e v i o u s l y .   T h u s  we have a s i n g l e   f o r m u l a  
t h a t   g i v e s   a s   l o w   a n   e r r o r   e s t i m a t e   a s   w o u l d   h a v e   b e e n   o b t a i n -  
a b l e   f r o m   t h e   e a r l i e r   f o r m u l a s   o n l y   b y   u s i n g   e a c h   o f   t h e m   f o r  
o n l y  a s e l e c t e d   p o r t i o n   o f   t h e   c y c l e .   I n   f i g u r e s   6 . 2   t h r o u g h  
6 . 4   t h e   p a t t e r n   c o n t i n u e s ,   w i t h   t h e  new f o r m u l a   b e i n g   e s s e n -  
t i a l l y  a s   g o o d   a s   t h e   b e t t e r   o f   t h e   t w o   f o r m e r   o n e s  - - -  some- 
t i m e s   s l i g h t l y   b e t t e r   a n d   s o m e t i m e s   s l i g h t l y   w o r s e ,   b u t   n o t  
s i g n i f i c a n t l y  s o .  T h u s   t h i s   f o r m u l a   s a t i s f i e s   t h e   c r i t e r i o n  
t h a t  was e s t a b l i s h e d  i n  s e a r c h i n g   f o r   a n   i m p r o v e d   m e a n s   o f  
p r e p a r i n g   t h e   f o r e c a s t s .  
T h e   c o e f f i c i e n t s   f o r   t h i s   e q u a t i o n   a r e   g i v e n  i n  t a b l e s  
6 . 1   t h r o u g h   6 . 6 .  I n  t a b l e   6 . 1 ,  i t  c a n   b e   s e e n   b y   e x a m i n i n g  
t h e  s i z e  o f  t h e  c o e f f i c i e n t s  t h a t  t h e  v a l u e  o f  t h e  o b s e r v a -  
t i o n  S k  has a s t r o n g   i n f l u e n c e   o n   t h e   e a r l y   f o r e c a s t s ;   t h i s  
i n f l u e n c e   g r a d u a l l y   d e c r e a s e s   u p   t o  a j o f  2 4   m o n t h s   a f t e r  
t h e   o b s e r v a t i o n   a n d   t h e n   i n c r e a s e s   a g a i n .  A t  t h e  same t i m e ,  
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t h e   o b s e r v e d   v a l u e   o f   t h e   r i s e t i m e   h a s  a s m a l l   i n f l u e n c e   o n  
e a r l y   f o r e c a s t s ,   w i t h   i t s   i n f l u e n c e   i n c r e a s i n g   u p   t o  a j o f  2 7  
m o n t h s   a n d   t h e n   g r a d u a l l y   d e c r e a s i n g   a g a i n .   T h u s ,   t h e s e   t w o  
p r e d i c t o r s   h a v e   d i f f e r i - n g   i m p o r t a n c e   a t   d i f f e r e n t   t i m e s   o f  
t h e   c y c l e .  It a l s o  may b e   n o t e d   t h a t  i n  t h i s   t a b l e   b ,   i s  
a l w a y s   n e g a t i v e ,   w h i c h   i m p l i e s   t h a t   t h e   f u t u r e   f o r e c a s t  wil 
b e   d e p r e s s e d   f o r   c y c l e s   t h a t   t a k e   l o n g e r   t i m e s   t o   r e a c h   t h e  
same  maximum. 
I n  a l l  o f  t h e s e   t a b l e s ,   t h e   p o r t i o n   e n c l o s e d   i n  a b o x  
o f   d a s h e d   l i n e s  i s  w h e r e   t h e   t e s t   o f   c o r r e l a t i o n   c o e f f i c i e n t  
i n d i c a t e s  a c o n f i d e n c e  o f  l e s s   t h a n  0 .95  t h a t   t h e   r e g r e s s i o n  
r e l a t i o n s h i p   i s   m e a n i n g f u l .  The t a b l e s   a r e   c o n t i n u e d   i n t o  
t h i s   r e g i o n   b e c a u s e   t h e r e  may be  some s l i g h t   p r a c t i c a l   a d -  
v a n t a g e   t o   u s i n g   t h e   r e g r e s s i o n   r e l a t i o n s h i p   t h e r e   r a t h e r  
t h a n   j u s t   t h e   c y c l e  mean, b u t   t h e  w e a k   c o n f i d e n c e   m u s t   b e  
k e p t  i n  m i n d .  
T a b l e s  6 .1  t h r o u g h   6 . 6   w e r e   d e r i v e d   f r o m  a d a t a   s e t  
w h e r e   a l l   1 2   o f   t h e   d e v e l o p m e n t a l   c y c l e s   w e r e   i n c l u d e d ,  
w h e t h e r   o r   n o t   a n   i n d i v i d u a l   c y c l e   h a d   p a s s e d   i t s   m i n i m u m .  
T h i s  i s  t h e   p r a c t i c a l   s i t u a t i o n   t h a t   w o u l d   f a c e   t h e   f o r e c a s t e r  
n e a r   t h e   e n d   o f  a g i v e n   c y c l e .   H o w e v e r ,   n o t e   t h a t   h e   c o n f i -  
d e n c e   t e s t   c u t s   o f f   t h e   f o r e c a s t   e i t h e r   b e f o r e   t h e   t i m e   o f  
m in imum o f  t h e  mean c y c l e  o r  n o t  s i g n i f i c a n t l y  a f t e r  i t .  
Even i n  t a b l e  6 . 6  t h e   c o n f i d e n c e   d i s a p p e a r s   a f t e r   1 5   m o n t h s  
f r o m   t h e   o b s e r v a t i o n  - - -  j u s t  a t  t h e  t i m e  o f  t h e   m i n i m u m   o f  
t h e  mean c y c l e .  A s  wil be  seen  i n  m o r e   d e t a i l   a t e r ,   t h e r e  
i s  n o   v i s i b l e   h o p e   f o r   f o r e c a s t i n g   t h e   s u b s e q q e n t   r i s e   o f  
t h e   f o l l o w i n g   c y c l e   a n y   b e t t e r   t h a n   b y   u s i n g   t h e  mean c y c l e  
t o   r e p r e s e n t  i t .  The t a b l e s  show  how t h e   v a r i o u s   c o e f f i c i e n t s  
a l l  become i r r e g u l a r . w h e n   t h e   c o n f i d e n c e  limit i s  a p p r o a c h e d .  
The c o e f f i c i e n t s   i n   t a b l e s   6 . 1   t h r o u g h   6 . 6   a l s o  show t h a t   t h e  
i n f l u e n c e   o f   t h e   r i s e t i m e   b e c o m e s   l e s s   a n d   l e s s   a s   t h e   c y c l e  
p r o g r e s s e s .   T h i s   c o u l d   w e l l   b e   e x p e c t e d ,   a n d   i n   t h e   l a t e r  
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s t a g e s  o f  a c y c l e  i t  makes l i t t l e  d i f f e r e n c e  whether t h i s  term 
i s  o r  i.s n o t  i n c l u d e d  i n  t h e  r e g r e s s i o n .  The term i s  essen- '  
t i a l ,  h o w e v e r ,   f o r  the  success  o f  t h i s  f o r m u l a  d u r i n g  t h e  f i r s t  
few y e a r s  a f t e r  t he  maximum, s o  i t  i s  here ' l e f t  i n  t o  keep the  
f o r e c a s t i n g   f o r m u l a   u n i f o r m   t h r o u g h o u t  i t s  r e g i o n  o f  a p p l i c a -  
t i o n .  
Table 6 . 1 .  C o e f f i c i e n t s  for Formula 
Bj = bo + b 2  r i s e t i m e  + b 2  Sk + b g  Si 
j i n  
months For k -~ = t i m e   o f   c y c l e  maximum 
3 j 
f o r  mean 
a f t e r  max 
.. ~ ~ . . .  1. . .  b 2  b3   (116)  
c y c l e  
3 
6 
9 
1 2  
15 
18  
21 
24 
2 7  
30 
33 
36 
39 
42 
6 . 2  -0.178 1 .034  -0.00048 
1 . 5  -0 .048  0.922 -0.00005 
-1  . 7  -0 .007 0.891 0.00006 
1 6 . 7  -0.077 0 .548  0.00122 
44 .0  -0.177 0 .240  0.00188 
68.9 -0.570 0 .163  0.00170 
83 .9  -0.831 0.091 0.00162 
115.9  - .437  0 .064  . 0143 
1 0 2 . 3  -1 .475  0.226 0.00086 
89 .7  -1.382 0.321 0.00025 
75 .6  -1.302 0.471 -0.00056 
48 .8  -1.062 0 .658  -0.00148 
54 .5  -1 . I 4 2  0.628 -0.00175 
54 .0  -1.053 0 .530  -0.00147 
148 45 - - - -41.1- " - 0 . 9 3 1  "0.578 - 0 . Q m 6 L  27.9  -0.812  0.703  - .00231 I 
110 
105 
102 
95 
91 
85  
7 7  
7 2  
67 
61 
56 
50 
44 
41 
38 
34 
'51  18.2  -0.674  0.701  -0.0 229 I 32 
10.2  -0 .644  0 .7750266 I 2 8  I54 
I57 
i 60  40 .6 -0 .335   0 .487   -0 . 0152\ 21 
L _".- "a 
16.5   -0 .599   0 .575   -0 .0 196)  24 
63  27.9  -0.324  0.435 -0.00126J 18 
~- ~ 
55 
Tab le  6.2. Coefficients for Formula 
5 = b + b risetime + b S + b g  S: i 0 1 2 k  
I 
j i n  
m o n t h s  
3 
For k = 1 2  m o n t . h s  a f t e r  c y c l e  m a x i m u m  f o r  mean j 
a f t e r  max bl b 2   b 3   c y c l e  
~ ~~ ~~ 
1 5   2 5 . 7  - 0 . 0 9 9  0 . 6 3 8  0 . 0 0 0 9 7  
1 8   6 0 . 8  - 0 . 5 5 6  0 . 4 0 3  0 . 0 0 1 3 5  
21   77 .6  - 0 . 8 2 0  0 . 2 6 6  0 . 0 0 1 5 2  
2 4   1 0 7 . 8  - 1 . 4 1 0  0 . 2 4 5  0 . 0 0 1 2 1  
2 7   8 9 . 3  - 1 . 4 0 9  0 . 5 0 2  0 .00011  
3 0   6 7 . 2  - 1 . 2 3 1  0 . 7 0 4  - 0 . 0 0 1 0 8  
3 3   4 9 . 1  - 1 , 1 0 6  0 . 9 1 0  - 0 . 0 0 2 3 1  
36   24 .4  - 0 . 8 5 1  1 . 0 7 1  - 0 . 0 0 3 3 1  
39  31  .8  - 0 . 9 2 7  0 . 9 7 7  - 0 . 0 0 3 3 6  
4 2   3 0 . 8  - 0 . 8 3 8  0 . 8 6 3  - 0 . 0 0 2 9 5  
4 5   2 1 . 2  - 0 . 7 2 7  0 . 8 8 6  - 0 . 0 0 3 0 7  
4 8   5 . 9  - 0 . 5 7 7  1 . 0 1 9  - 0 . 0 0 3 8 7  
r5 1 
--"""."""- 
- 1 . 1   - 0 . 4 5 5   0 . 9 7 8   - 0 . O O 3 6 g  
I 5 4   - 7 . 4 - 0 . 4 2 1   1 . 0 1 9   - 0 . 0 0 3 9 6  I 
I 5 7   - 1 . 7 - 0 . 3 8 8   0 . 8 0 2   - 0 . 0 0 3 0 6  I 
I 6 o  
L63 - - - - - - .- -" - - - - - - I
- 1 1 . 5  -0 .161  0 . 6 9 0  - 0 . 0 0 2 4 5  
- 1 3 . 0  - 0 . 1 5 8  0 . 6 4 4  - 0 . 0 0 2 1 8  ' 
91  
8 5  
77 
72  
67  
61  
56  
50  
44  
41 
38  
34  
32  
28  
24 
21 
1 8  
56  
Table 6.3. Coefficients or Formula 
5 = b + b l  risetime + b 2  Sk + b 3  S i  
f 
J- 0 
j i n  
m o n t h s  F o r  k = 24 m o n t h s  a f t e r  cycle maximum f o r  mean j ". 
a f t e r  max b l  b2 b3 cycle 
27 
30 
33 
36 
39 
42 
45 
48 
-22.3 
-41.4 
-62.5 
-84.8 
-58.5 
-56.5 
-54.4 
-65.2 
-0.025 
0.034 
0.012 
0.202 
-0.076 
0.005 
0,022 
0.063 
1.518 -0.00328 
1.910 -0.00642 
2.546 -0.01132 
2.789 -0.01332 
2.444 -0.01216 
2.209 -0.01 079 
2.069 -0.01011 
2.304 -0.01211 
51 -73.6 - - 0.193- " - - - " "- 2.279 -0.01196 
1-57 - - -6 5.2" 0.102 2.128 -0.011331 
I 57 
I 6o 
I 63 -50.5  0.239 
66 -34.8 0.163 
I 69 -37.8 0.187 
I 72 -36.5 0.182 
L" - - "- - - - - - 
-53.4 0.084 
-63.7 0.330 
' 75 -55.0 0.420 
78 -87.4 0.811 
1.749 -0.00919 I 
1.589 -0.00804 I 
1.275 -0.00611 I 
0.896 -0.00395 
0.955 -0.00461 1 
0.931 -0.00477 I 
1.112 - 0 . 0 0 6 0 3 ~  
1.436 -0.00778 
"""
- """""""- "" "__"""" """" I 83 -180.1 1.961 2.321 -0.01 224-1 
67 
61 
56 
50 
44 
41 
38 
34 
32 
28 
24 
21 
18 
15 
14 
12 
1 1  
12 
1 5  
57 
I 
TabZe 6.4. Coefficients for Formula 
5 = b + bl risetime + b ' S + b 3  S$ i 0 2 k  
j i n  
m o n t h s  F o r  k = 36 m o n t h s - a f t e r  c y c l e  maximum 'j 
a f t e r  max b l  b-2 b3 cycle 
f o r  mean 
39  14.0 -0.167 0.660 0.00195 
42   87 .5  -0.125 0.787 -0.00032 
4 5   1 1 . 5  -0 .115  0.525 0.00207 
48   -16 .7  -0.014 0 .870  -0.00234 
51 - 9 . 5  
r-54 - - 0.039 - - 1 - .087 - - -0.00530- - -2.3- - 0 . 0 6 1   0 . 6 5 3   - . 0 0 1 3 0  I "- 
I 57 0 . 1  -0 .026 
I 6 o  
0.552  -0.00084 
-14.5  0 .215  0 .524  -0 . 0044 i 
-0.131  0.00670 I t i; -1 .9  0 .154 1 .2   0 .102   -0 .195   0 .00663 I 
I 72   1 .6   0 .069   -0 . 44   0 .00335 I 
I 75  -13.0  0 .247  0 .293 -0.0 089 I 
L _""""" 1 
1 69  1 .6   0 .076   -0 .083   0 .00449 
44 
41 
38 
34 
32 
28 
24 
21 
1 8  
1 5  
1 4  
1 2  
17 
Table 6.5. Coefficients for Formula 
2 = b o  + bl risetime + b 2  Sk + b 3  S$ i 
j i n  
m o n t h s  F o r  k = 48 m o n t h s   a f t e r  c y c l e  maximum j 
a f t e r  max b o  bl b 2  b3  c y c  1 e 
f o r  mean 
51 -15 .4  0.192 1.191 -0.00258 
54   15 .9  0.017 0 .459  0.00712 
57  -48.0 0.101 0 .383  0.00758 
60   -21 .5  0.342 0.538 0.00502 
63   -16 .5  0.104 -0.102 0.01309 
66  -19.2 0.081 -0 .045  0.01064 
6 9   3 . 4  0.031 -0.151 0.01023 
72 7 . 5  -0.012 -0.207 0.00909 
75 - "4.3 0 .176  _"""" 0.050  0 .00379 r 7 3   - 1 3 . 9   0 . 3 4 6   0 . 3 1 5   - 0 . 0 5 m  
I 81 -29.0  0 .604  0 .731  -0 .00932 J 
-43 .6   0 .953   0 .980   -0 .015391L8Q" - - - - ""  "" -" 
32 
28 
28 
27 
1 8  
1 5  
1 4  
1 2  
11 
1 2  
1 3  
1 7  
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T a b l e  6.6. Coefficients f o r  Formula 
2 = bo + bl risetime + b 2  Sk + b3 S: i 
j i n  
m o n t h s  
3 
F o r  k = 60 months.  a f t e r   c y c l e  maximum j __""___ 
b l  
f o r  mean 
a f t e r  max b2 b3 c y c l e  
~~ ~ . - . - ~  . .  ~ . .. 
63 8.1' . -0..1 35 0.583 0.00763 18 
66 6.2 -0.11 7 0.537 0.00615 15 
69 11.6 -0.158 0.223 0.00921  14 
72 14.4 -0.171 0.058 0.00897 12 
~~ 
75 12.4 " ". .""" - _." -0.066 -0.157 0.00954 
r 7 g " - -  20.4" -0.072 -0.641 0.01497 I 
11  
1 2  
I81  24.3 0.004 ' -1.014 0.01748 I 13 
I 84 24.7  0. 15 -1.487 0.0209'3 I 17 ' 87 25.7 0.433 - 1  .987 0.0251 2 1  20 L """""""""- 
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7 .  COMPARISON  WITH F O R M E R  C Y C L E S  
As was d i s c u s s e d  i n  s e c t i o n  2 ,  w i t h  o n l y   1 2   c y c l e s  i n  t h e  
d a t a   b a s e  we f e l t  i t  bes t  t o   u s e   a l l  12  of  them i n  t h e   d e v e l o p -  
menta l   sample .  This l e a v e s  no independent   sample   on   which   the  
r e s u l t s   c a n  be v e r i f i e d .   I n s t e a d ,  i n  t h i s  s tudy   dependence  
was p l a c e d  on u s i n g  the' s t a t i s t i c a l l y  d e t e r m i n e d  e s t i m a t e d  
e r r o r   o f  the f o r e c a s t   a s  a c r i t e r i o n   o f   g o o d n e s s   o f  f i t .  S t i l l  , 
i t  g i v e s  a c e r t a i n  i n t e l l e c t u a l  s a t i s f a c t i o n  t o  s e e  how we l l  
t h e   r e s u l t i n g   f o r m u l a   f i t s  some o f   t h e   h i s t o r i c a l  d a t a .  Accord- 
i n g l y ,  some comparisons  were made b e t w e e n   t h e   h i s t o r i c a l   d a t a  
a n d  f o r e c a s t s  made from the f i n a l   f o r m u l a .  
I n i t i a l l y   t h e s e   c o m p a r i s o n s   w e r e  made f o r   c y c l e   1 9   f o r  
two r e a s o n s .  One reason  was t h a t  c y c l e   1 9   i s   t h e   m o s t   r e c e n t  
o f   t h e   h i s t o r i c a l   o n e s .  T h u s ,  i f  the   formula   deve lopment   here  
undertaken  had  been  done some 1 1   y e a r s   e a r l i e r ,  i t  c o u l d   n o t  
h a v e   i n c l u d e d   d a t a   f r o m   c y c l e   1 9 .  The formula  would  have  been 
s e l e c t e d  on t h e   b a s i s   o f   d a t a   e x t e n d i n g  u p  t h r o u g h   c y c l e  18 ,  
and  then  would be a p p l i e d  i n  r e a l   t i m e   t o   c y c l e   1 9   a s  i t  
o c c u r r e d .  The second  reason  was t h a t  c y c l e  1 9  was an o u t -  
s t a n d i n g   o n e ,  h a v i n g  a much h i g h e r  maximum than  a n y  p r e v i o u s  
one - - -  even   h ighe r  t h a n  a n y   o f   t h e  f i r s t  s e v e n   t h a t   w e r e  
r e j e c t e d  by t h e   a n a l y s i s   o f   s e c t i o n  2 .  T h u s  i t  i s  o f  p a r t i c u -  
l a r  i n t e r e s t  t o  s e e  how w e l l   t h e  new formula  would  have  worked 
on t h i s   o u t s t a n d i n g   c y c l e .  
F i r s t ,  t h e   f o r e c a s t s   f o r   c y c l e  1 9  were made u s i n g  t h e  
c o e f f i c i e n t s   f r o m   t a b l e  6 . 1 .  The r e s u l t s   a r e   p l o t t e d  i n  f i g u r e  
7 . 1 ,   w h i c h   s h o w s   t h e   f o r e c a s t ,   i t s  90% p r e d i c t i o n   i n t e r v a l  , 
a n d   t h e   a c t u a l   o b s e r v a t i o n s   f o r   t h a t   c y c l e .  The r e s u l t s   a r e  
unexpectedly  good - - -  i n  f a c t   t h e y  seem t o  be too   good   fo r  
such   an   unusua l   cyc le .  B u t  i t  must be remembered t h a t  n o t  
on ly  was t h e   f o r m u l a   i t s e l f   s e l e c t e d   f r o m   t e s t s  t h a t  i n c l u d e d  
c y c l e  19 a s   one  o f  t h e   t o t a l   o f  1 2  c y c l e s   a n a l y z e d ,  b u t  t h e  
c o e f f i c i e n t s   e n t e r i n g   i n t o  i t  were a l s o   d e r i v e d   f r o m   d a t a  
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OBSERVATIONS vs FORECAST FOR CYCLE 19 
FORMULA  DERIVED  FROM  CYCLES 8-19 
J 
I 
74 Months after Max. 
i n c l u d i n g   c y c l e   1 9 .   N e i t h e r  o f  t h e s e  two f e a t u r e s   s h o u l d   b e  
i n c l u d e d . i n  a s t a t i s t i c a l l y   v a l i d   v e r i f i c a t i o n .  A t  l e a s t   t h e  
s e c o n d   c a n   b e   e l i m i n a t e d  by r e c o m p u t i n g   t h e   c o e f f i c i e n t s   u s i n g  
o n l y   c y c l e s  8 t h r o u g h  18, a n d   n o t   u s i n g   c y c l e  1 9 .  T h i s  w a s  
d o n e ,   w i t h   t h e   . r a t h e r   s t a r t l i n g   r e s u l t s   s h o w n   i n   f i g u r e  7 . 2 .  
A b o u t   t h e   o n l y   t h i n g   g o o d   t h a t   c a n   b e   s a i . d   a b o u t   t h i s   f i g u r e  
i s   t h a t   t h e   o b s e r v a t i o n s   d o   i n d e e d   l i e  w i t h i n  t h e   9 0 %   p r e d i c -  
t i o n   i n t e r v a l ,   b u t   t h a t   a p p e a r s   t o   h a v e   o c c u r r e d   o n l y   b e c a u s e  
t h e  90% p r e d i c t i o n   i n t e r v a l   h a s   e x p a n d e d  s o  v i o l e n t l y .  
A c a r e f u l   a n a l y s i s  was  made o f  why t h e   c o m p a r i s o n   i s  s o  
p o o r  i n  f i g u r e  7.2  when i t  was s o  g o o d   i n   f i g u r e  7.1. The 
r e a s o n   s e e m s   t o   l i e   i n   t h e   u n i q u e n e s s   o f   c y c l e   1 9 .   I t s   m a x i -  
mum i s  m o r e   t h a n  a t h i r d  h i g h e r  t h a n  a n y  o f  t h e  o t h e r  c y c l e s  
u s e d  i n  t h e   d a t a   b a s e .   C y c l e   1 9   h a d  a m a x i m u m ’ o f   2 0 1 ,   w h i l e  
t h e  n e x t  h i g h e s t  c y c l e  was  number 18, . w i t h  a maximum o f  148.  
T h u s   w h e n   d a t a   f r o m   . o n l y   c y c l e s  8 t h r o u g h  18 a r e  u s e d  i n  
d e v e l o p i n g   t h e   r e g r e s s i o n   r e l a t i o n s h i p s ,   f o r e c a s t i n g   f o r  
c y c l e  1 9  r e p r e s e n t s  a c o n s i d e r a b l e   e x t r a p o l a t i o n   b e y o n d   t h e  
r a n g e   o f   d a t a   u s e d   f o r   d e v e l o p m e n t .  
The new f o r m u l a ,   h a v i n g   a s  i t  d o e s   f o u r   a d j u s t a b l e   p a r a m -  
e t e r s ,   h a s   g r e a t e r   s e n s i t i v i t y  t o  v a r i a t i o n s   f r o m   o n e   c y c l e   t o  
a n o t h e r   t h a n   d i d   e a r l i e r   f o r m u l a s   w i t h   o n l y   t w o   a d j u s t a b l e  
p a r a m e t e r s .   T h u s   f l u c t u a t i o n s   c a n   b e   x p e c t e d   t o   b e   s p e c i a l l y  
l a r g e  w h e n   t h e   f o r m u l a   i s   u s e d   i n   a n   e x t r a p o l a t i o n   p r o c e s s  
r a t h e r   t h a n  i n  t h e   i n t e r p o l a t i o n   p r o c e s s   f o r   w h i c h  i t  i s  de-  
s i g n e d .   T h e  mean d a t a   f o r   c y c l e s  8 t h r o u g h  18 show a s l i g h t l y  
d e p r e s s e d   r e g i o n   n e a r   2 1   m o n t h s   a f t e r   t h e  maximum,  and a s l i g h t l y  
e l e v a t e d   r e g i o n   n e a r  3 3  m o n t h s   a f t e r   t h e  maximum. When t h e  
f o r m u l a  i s  e x t r a p o l a t e d  f o r  c y c l e  . 1 9 ,  t h e s e   b e c o m e   t h e   l a r g e  
f l u c t u a t i o n s   s e e n   i n   f i g u r e   7 . 2 .  
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OBSERVATIONS vs FORECAST FOR CYCLE 19 
FORMULA  DERIVED FROM  CYCLES 8-18 
Figure 7.2 
The same a n a l y s i s   s h o w s  why t h e   f o r e c a s t  o f  f i g u r e  7 . 1  
f i t s  so w e l l   t h e   o b s e r v a t i o n s   o f   c y c l e   1 9 .   W i t h   c y c l e  1 9  so 
f a r  away   f rom a l l  o f  t h e   o t h e r   c y c l e s  i n  t h e   d a t a   b a s e ,  i t  
r e q u i r e s   o n l y  a s m a l l   a d j u s t m e n t   o f   t h e   p a r a m e t e r s   t o  f i t  i t  
v e r y   c l o s e l y .   T h u s   t h e   v e r y   g o o d  f i t  shown i n  f i g u r e  7.1 
s h o u l d   n o t   b e   t a k e n   a s   e v i d e n c e   o f   s u c c e s s   o f   t h e   f o r m u l a  - - -  
t o   a n   u n u s u a l l y   l a r g e   e x t e n t  i t  was f i t t e d  t o  t h a t  c u r v e .  
A s  a n o t h e r   c o m p a r i s o n ,   t h e   f o r e c a s t  was  made f o r   c y c l e  
1 5 ,   w i t h   t h e   r e g r e s s i o n   r e l a t i o n s h i p s   d e r i v e d   f r o m   c y c l e s  8 
t h r o u g h  1 4  a n d   1 6   t h r o u g h  1 9 ,  s o , t h e y   d i d   n o t   i n c l u d e   t h e  
c y c l e   b e i n g   f o r e c a s t .   C y c l e   1 5  was   chosen   because  it i s   n e a r  
t h e   m i d d l e   o f   t h e   d i s t r i b u t i o n   f u n c t i o n   o f   c y c l e   m a x i m a ,   a n d  
a l s o   b e c a u s e   i t s  maximum  was t h e   c l o s e s t   o f   a n y   i n   t h e   d a t a  
b a s e   t o   t h e   c u r r e n t   c y c l e  2 0 .  The r e s u l t s   o f   t h i s   c o m p a r i s o n  
a r e   s h o w n  i n  f i g u r e  7 . 3  a n d   a r e   m u c h   m o r e   w h a t   o n e   w o u l d   e x -  
p e c t  f o r  s u c h  a c o m p a r i s o n .  
It m u s t   b e   r e m e m b e r e d   t h a t   h e   c o m p a r i s o n s   s h o w n  i n  t h i s  
s e c t i o n   a r e   f o r   f o r e c a s t s  made w i t h  t h e  l a t e s t  a v a i l a b l e  d a t a  
b e i n g   t h a t  o f  t he   max imum o f  t h e   c y c l e .   T h u s   t h e   f o r e c a s t s  
s h o w n   c o v e r  a p e r i o d   u p   t o   m o r e   t h a n  5 y e a r s   a f t e r   t h e   l a t e s t  
d a t a .  
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FORMULA  DERIVED  FROM CYCLES 8-14, 16-19 
Figure 7.3 
8 .  PREDICTION O F  THE CURRENT  CYCLE 
F i g u r e  8.1  s h o w s   t h e   f o r e c a s t   t h a t   w o u l d   h a v e   b e e n  made 
f o r   t h e   p r e s e n t   c y c l e   ( n u m b e r  2 0 )  u s i n g   t h e  new f o r m u l a   a n d  
d a t a   a t   t h e   t i m e   o f   c y c l e  maximum  (November  1968) .   Shown i n  
t h e   f i g u r e   a r e   t h e   f o r e c a s t ,   t h e  9 0 %  l i m i t s   o n   t h e   f o r e c a s t  
e s t i m a t e d   f r o m   t h e   r e g r e s s i o n   c a l c u l a t i o n s ,   a n d   t h e   v a l u e s   f o r  
t h e  mean o f   t h e   c y c l e s  8 t h r o u g h   1 9 .   N o t e   t h a t   h e   f o r e c a s t  
w o u l d   i n d i c a t e   t h i s   c y c l e   t o   b e   v e r y   n e a r   t o   t h e  mean c y c l e .  A l s o  
s h o w n   o n   t h i s   f i g u r e   a r e   t h e   v a l u e s   f o r   t h e   s m o o t h e d  S S N  t h a t  
h a v e   b e e n   o b s e r v e d   s i n c e   N o v e m b e r   1 9 6 8 .  It c a n   b e   s e e n   t h a t  
t h e   s u n s p o t   n u m b e r   h a s   d e c r e a s e d   m u c h   m o r e   s l o w l y   t h a n   w o u l d  
have.  been p r e d i c t e d   f o r   t h i s   c y c l e .  
E x a m i n a t i o n   o f   t h e   c y c l e s   i n   t h e   d a t a   b a s e   s h o w s   t h a t  
o n c e   m o r e   t h e   s u n s p o t   c y c l e s   a r e   m a k i n g   t h e i r   s t a t i s t i c a l  
s t u d y   d i f f i c u l t   b y   p r o d u c i n g   e x t r e m e   v a l u e s   a t   t h e   e n d   o f   t h e  
s e r i e s .   N o t   o n l y  was t h e   c y c l e  18 h i g h e r   t h a n   a n y   c y c l e   p r e -  
c e d i n g  i t  i n   t h e   d a t a   b a s e ,   b u t   c y c l e  19  was i n  i t s  t u r n  
h i g h e r  s t i l l  , and  s o  g a i n e d   t h e  same d i s t i n c t i o n  i n  i t s  t u r n .  
Now we a r e   h a v i n g   i n   c y c l e   2 0 ' t h e   o n e   t h a t   i s   f a l l i n g   t h e  
s l o w e s t   f r o m   i t s   m a x i m u m .  When t h e   s m o o t h e d   s u n s p o t   n u m b e r  
a t  1 9   m o n t h s   a f t e r   m a x i m u m  i s   e x p r e s s e d   a s  a p e r c e n t a g e  o f  t h e  
m a x i m u m   v a l u e ,   t h e   n u m b e r s   f o r   p r e v i o u s   c y c l e s   r u n   f r o m  62% t o  
8 6 % .  B u t   f o r   t h e   p r e s e n t   c y c l e  it i s  95%, w e l l   a b c v e   a l l   o f  
t h e   p r e v i o u s   c y c l e s .  
F i g u r e  8.2 s h o w s   t h e  same f o r e c a s t  made u s i n g  a M c N i s h -  
L i n c o l n   t y p e   o f   f o r e c a s t   f r o m  a s i n g l e   p r e d i c t o r .  It m i s s e s  
t h e   r e c e n t   o b s e r v a t i o n s   a l m o s t  as  much, b u t   i t s   c o n f i d e n c e  
l i m i t s  w e r e  s o  much w i d e r   t h a t   t h e y   c o v e r e d   t h e   m i s s .  
~ 
F i g u r e s  8 . 3  a n d  8 . 4  r e p e a t   t h e s e  l a s t  t w o   f i g u r e s ,   b u t  
t h i s   t i m e   u s i n g   t h e   l a t e s t   d a t a   a v a i l a b l e ,   t h e   s m o o t h e d   s u n s p o t  
number f o r   A u g u s t  1 9 7 0 .  It c a n   b e   s e e n   t h a t  now t h a t   t h e  
s u n s p o t   n u m b e r   h a s   s t a y e d   h i g h   f o r  s o  l o n g ,   b o t h   p r e d i c t i o n  
m e t h o d s  now f o r e c a s t   t h a t  it wil r e m a i n   w e l l   a b o v e   t h e  mean 
c y c l e   f o r   t h e   r e s t   o f   t h i s   c y c l e .  
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MADE FROM DATA AT M A X .  (NOV. 1968) 
NEW FORMULA 
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FORECAST FOR CURRENT CYCLE 
MADE FROM  DATA  AT MAX. (NOV. 1968 1 
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LATEST FORECAST OF THE  PRESENT CYCLE 
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9 .  PREDICTION PAST THE  CYCLE M I N I M U M  
It h a s   l o n g   b e e n   k n o w n   t h a t   t h e   c o r r e l a t i o n   o f   s u n s p o t  
numbers i s  v e r y  p o o r  when   the   numbers  l i e  'on o p p o s i t e   s i d e s  
o f   t h e   m i n i m u m   s e p a r a t i n g   t w o   c y c l e s .   T h e   c y c l e s   h a v e  many 
c h a r a c t e r i s t i c s  o f  i n d e p e n d e n t  e r u p t i o n s ,  w i t h . l i t t l e  r e l a -  
t i o n s h i p   f r o m   o n e   t o   a n o t h e r .   B e c a u s e   o f   t h e   m a g n e t i c   c h a r -  
a c t e r i s t i c s   o f   s u n s p o t   g r o u p s ,  a 2 2 - y e a ' r   c y c l e   h a s   b e e n  
p r o p o s e d   ( V i t i n s k i i ,   1 9 6 2 )   i n   w h i c h   c y c l e s   h a v i n g   e v e n  num- 
b e r s   i n   t h e   Z u r i c h   c l a s s i f i c a t i o n   c a n   b e   u s e d   t o   p r e d i c t  some 
o f   t h e   c h a r a c t e r i s t i c s   o f   t h e   f o l l o w i n g   o d d - n u m b e r e d   c y c l e .  
T h e s e   r e l a t i o n s h i p s   w e r e   e x a m i n e d   f o r   t h e   d a t a   b a s e   u s e d   i n  
t h i s   s t u d y ,   a n d  some c o r r e l a t i o n s   w e r e   f o u n d   w h i c h   e x c e e d e d  
t h e  0 . 9 5  c o n f i d e n c e  limit. H o w e v e r ,   t h e s e   l a s t e d   f o r  a p e r i o d  
o f  o n l y  some 3 y e a r s ,   a n d   w h e n   a l l o w a n c e  was  made f o r  t h e  
r e l a t i v e l y  h i g h  y e a r - t o - y e a r  a u t o c o r r e l a t i o n  o f  t h e   s u n s p o t  
numbers i s  was f e l t  t h a t  t h e r e  was i n s u f f i c i e n t  d u r a t i o n  i n  
t h i s  r e l a t i o n s h i p  t o  be s u r e   t h a t  it was n o t  a c h a n c e   o c c u r -  
r e n c e .  
T h e   a n a l y s e s   r e p o r t e d   i n   t h e   p r e c e d i n g   s e c t i o n s   w e r e  
c a r r i e d  o u t  f o r  d u r a t i o n s  n o   g r e a t e r   t h a n   t h e   s h o r t e s t   c y c l e  
i n   t h e   d a t a   b a s e .   B e y o n d   t h a t   i m e ,  a s t r a i g h t f o r w a r d   a p p l i -  
c a t i o n  o f  t h e   r e g r e s s i o n   c a l c u l a t i o n s   w o u l d   c o m b i n e   d a t a   f r o m  
l o n g   c y c l e s   t h a t   a r e  still d e c r e a s i n g   w i t h   d a t a   p a s t   t h e  
end o f  s h o r t e r   c y c l e s ,   w h e r e   t h e   n e x t   f o l l o w i n g   c y c l e   i s  
a l r e a d y   i n c r e a s i n g .   I n s t e a d   o f   t h i s ,   m o r e   p r e c i s e   e s t i m a t e s  
c o u l d   b e  made f o r  t h e  r i s i n g  p o r t i o n  o f  t h e  f o l l o w i n g  c y c l e  
i f  i t  w e r e  p o s s i b l e  t o  g e t  a g o o d  e s t i m a t e  o f  t h e  d u r a t i o n  
o f  t h e   c u r r e n t   c y c l e .   T h e n   b e y o n d   t h a t   i m e   t h e   d e p e n d e n t  
d a t a   s e t   c o u l d   o n c e   m o r e   b e   l i n e d   u p   w i t h   c y c l e   m i n i m a   c o i n -  
c i d i n g   a n d  s o  g i v e  a m o r e   u n i f o r m   d a t a   s e t   f o r   t h e   r e g r e s s i o n  
a n a l y s i s .  
t o   t h e   c y c l e  maximum, t h i s  i s  o f  n o   p r a c t i c a l   a d v a n t a g e   a t  
t h i s   t i m e   i n   t h e   c u r r e n t   c y c l e .   R e g r e s s i o n s   w e r e   c a l c u l a t e d  
f o r   t h e   c y c l e   f a l l t i m e   a n d   f o r   t h e   t o t a l   t i m e  o f  t h e   c y c l e  
A l t h o u g h   t h e   c y c l e   r i s e t i m e   i s   w e l l   k n o w n   t o   b e   r e l a t e d  
7 1  
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a s   f u n c t i o n s   o f   t h e   m a x i m u m   a n d   t h e   r i s e t i m e .   U n f o r t u n a t e l y ,  
t h e s e  t u r n e d  o u t  t o  h a v e  c o r r e l a t i o n  c o e f f i c i e n t s  f a r  b e l o w  
s i g n i f i c a n c e ,   a n d  so t h i s   m e t h o d   o f   p r e d i c t i n g   c a n n o t   b e   u s e d .  
I n s t e a d ,  i t  was n e c e s s a r y   t o   u s e   t h e - s t r a i g h t f o r w a r d   m e t h o d  
o f   c o n t i n u i n g   t h e   d a t a   b a s e   o n   i n t o   t h e   f u t u r e   w h e t h e r   o r   n o t  
i t  c o m b i n e s   d a t a   f r o m   l o n g   a n d   s h o r t   c y c l e s .  
D o i n g   t h i s   f o r   t h e   l a t e s t   f o r e c a s t   g i v e s   t h e   r e s u l t   s h o w n  
i n   f i g u r e   9 . 1 .  O n c e   t h e   s t i m a t e d   r m s   e r r o r   a p p r o a c h e s   t h e  
s t a n d a r d   d e v i a t i o n . o f   t h e   r a w   d a t a ,   a t   a b o u t  50  m o n t h s   a f t e r  
t h e   c y c l e  maximum, it t h e n   r e m a i n s   c l o s e   e x c e p t   f o r  a s h o r t  
t i m e   n e a r  80 m o n t h s   a f t e r   t h e   c y c l e   m a x i m u m .   T h e   f l a g s   i n  
t h e   f i g u r e  s h o w   t h e   b o u n d a r i e s   w e r e   0 . 9 5   c o n f i d e n c e   o f   s i g n i -  
f i c a n c e   t o   t h e   r e g r e s s i o n   a r e   p a s s e d ,   a n d  i t  c a n   b e   s e e n   t h a t  
a f t e r  48 m o n t h s   t h e r e   i s   j u s t  a s h o r t   p e r i o d   n e a r  80 months  
w h e r e   t h e  0 . 9 5  c o n f i d e n c e   i s   e x c e e d e d .  
T h i s   i s   m o r e   c l e a r l y   s h o w n  i n  f i g u r e   9 . 2 ,   w h e r e   t h e  
c o r r e l a t i o n   c o e f f i c i e n t   f r o m   t h e   r e g r e s s i o n   i s   p l o t t e d   a n d   t h e  
limit o f   0 . 9 5   c o n f i d e n c e   i s   h o w n .   S i n c e   t h e   p e a k   n e a r  80 
m o n t h s   i s  s o  n a r r o w   a n d   i s o l a t e d ,  we o n c e   m o r e   r e j e c t   i t s  
s i g n i f i c a n c e .   T h i s   i s   c o n f i r m e d   i n   f i g u r e   9 . 3 ,   w h i c h   s h o w s  
t h e  c o r r e l a t i o n  c o e f f i c i e n t  f o r  a f o r e c a s t   p r e p a r e d   3 4   y e a r s  
l a t e r ,  5 y e a r s   a f t e r   c y c l e  m a x i m u m .   T h e   a p p a r e n t   s i g n i f i c a n c e  
n e a r  80 m o n t h s  i n   f i g u r e  9.2 i s  n o   l o n g e r   t h e r e .   E v e n   f o r  a 
f o r e c a s t  s o  c l o s e   t o   t h a t   t i m e   a s   t h a t   s h o w n   i n   f i g u r e  9 . 3 ,  
t h e   a p p a r e n t   s i g n i f i c a n c e   h a s   v a n i s h e d .   T h u s   t h e  new f o r m u l a  
d o e s   n o t   g i v e   a n y   s i g n i f i c a n t   r e g r e s s i o n   p a s t   t h e   c y c l e   m i n i -  
mum, a n d   a l l   t h a t   c a n   b e   d o n e   w i t h  it f o r   t h a t   t i m e   i s  t o  use  
t h e  mean a n d   s t a n d a r d   d e v i a t i o n  o,f t h e   d a t a   b a s e   a s   a n   e s t i m a t e  
o f   c o n d i t i o n s   t h e n .  
T h e   q u e s t i o n  c o m e s   u p   w h e t h e r   t h e   f o r m e r   M c N i s h - L i n c o l n  
t y p e   o f   f o r m u l a   g i v e s   a n y   b e t t e r   r e s u l t s   p a s t   t h e   c y c l e   m i n i -  
mum. F i g u r e s   9 . 4   t h r o u g h   9 . 6 ,   w h i c h   p a r a l l e l   f i g u r e s   9 . 1  
t h r o u g h   9 . 3 ,   s h o w   t h a t   h i s   i s   n o t   h e   c a s e .   I n   f i g u r e   9 . 4  
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t h e r e  i s  a s m a l l   r e d u c t i o n  i n  the  e s t i m a t e d  rms e r r o r   f r o m   t h e  
s t a n d a r d   d e v i a t i o n   o f  the  d a t a ,  b u t  f i g u r e  9 . 5  shows t h a t  t h i s  
d o e s   n o t  h a v e  s i g n i f i c a n c e   a t   t h e  0 .95  l e v e l .  As a m a t t e r   o f  
f a c t ,   f o r   f o r e c a s t s   p r e p a r e d  a l i t t l e  l a t e r  o n ,  t h e  c o r r e l a t i o n  
r i s e s   b r i e f l y   a b o v e  the 0 . 9 5  c o n f i d e n c e   l e v e l ,  b u t  s o  b r i e f l y  
t h a t   . i t  i s  f e l t   i t s   s i g n i f i c a n c e   s h o u l d  b e  r e j e c t e d .   F i g u r e  
9 . 6  shows t h a t   e v e n   t h i s   s m a l l   e f f e c t   h a s   v a n i s h ' e d   f o r   f o r e -  
c a s t s   p r e p a r e d   f r o m   d a t a  much c l o s e r   t o   t h e   e n d   o f   t h e   c y c l e .  
Both t h e  new formula  and the M c N i s h - L i n c o l n   o n e   l o s e   t h e i r  
c o n f i d e n c e   a t   v e r y   n e a r l y   t h e  same  time --- 4 months l a t e r  i n  
one  case  and 3 months e a r l i e r  i n  a n o t h e r ,  b u t  n e i t h e r   e x t e n d -  
i n g  beyond the c y c l e  m i n i m u m .  
When  we r e a c h   t h e   t i m e   o f   t h e   c y c l e  m i n i m u m ,  some 4 t o  
4i y e a r s  f r o m  now, i t  w i l l  become p o s s i b l e  t o  p repare   meaning-  
f u l  f o r e c a s t s   t h e r e a f t e r ,  b u t  no method  has  been  found  in 
t h e s e   s t u d i e s   f o r   d o i n g   i t   f r o m   p r e s e n t   d a t a .   A l l   t h a t   h a s  
been f o u n d  t o  be  meaningful so f a r   i n   t h e   f u t u r e   i s  t o  use 
t h e   c h a r a c t e r i s t i c s   o f   t h e  mean c y c l e .  Thus t h e   f i n a l   o n g -  
t e r m   f o r e c a s t   f r o m   p r e s e n t  d a t a  i s  t h a t  shown i n  f i g u r e  9 . 7 ,  
where  the new fo rmula  was u s e d   o u t   t o   i t s  0 . 9 5  c o n f i d e n c e  
l i m i t ,   t h e   c h a r a c t e r i s t i c s   o f   t h e  mean cyc le   were   u sed   t he re -  
a f t e r ,  a n d  a b r i e f   s u b j e c t i v e   t r a n s i t i o n   r e g i o n  was used 
between  the t w o .  
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10. C O M P A R I S O N  WITH  NASA-MARSHALL FORMULA 
T h e   p r . e d i c t i o n   p r o g r a m   t h a t  was p r o v i d e d   f r o m   N A S A - M a r s h a l l  
d i f f e r e d  i n  o n l y  o n e  r e s p e c t  f r o m  t h e  f o r m u l a  , p l o t t e d  i n  f i g u r e  
4 .1 .  It was t h e  same i n  u s i n g   t h e   c y c l e s   l i n e d   u p   w i t h   t h e i r  
m i n i m a   c o i n c i d i n g ,   i n   u s i n g   t h e   l a t e s t   o b s e r v a t i o n   a s   t h e  
s i n g l e   p r e d i c t o r ,   a n d   i n   u s i n g   t h i s   s i n g l e   p r e d i c t o r   t o   f o r e -  
c a s t   a l l   f u t u r e   t i m e .  It d i f f e r e d   o n l y   i n   u s i n g   a l l   1 9   c y c l e s  
a s  i t s   d a t a   b a s e   r a t h e r   t h a n   j u s t   c y c l e s  8 t h r o u g h   1 9 .  
When t h e   e s t i m a t e d   r m s   e r r o r   o f   t h e   f o r e c a s t s   i s   c a l c u l a t e d  
as i n  f i g u r e  4 . 1   b u t   b a s e d   o n   a l l   1 9   c y c l e s ,  it d i f f e r s  l i t t l e  
f r o m   w h a t   i s   s h o w n   i n   t h e   f i g u r e .  A t  6 1   m o n t h s   a f t e r   s u n s p o t  
min imum i t  i s  a b o u t  1 . 5  s u n s p o t   n u m b e r s   l o w e r   t h a n   t h e   c u r v e  
o f  f i g u r e  4 . 1 ;  a t  7 7  m o n t h s  i t  i s   a b o u t   t w o   s u n s p o t   n u m b e r s  
h i g h e r .  
S i n c e   t h e   d i f f e r e n c e s  i n  e s t i m a t e d   r m s   e r r o r   a r e  s o  s m a l l  
b e t w e e n   t h e   t w o   s e t s   o f   f o r e c a s t s ,  a c o m p a r i s o n   b e t w e e n   t h e  
new f o r e c a s t   a n d   t h e   N A S A - M a r s h a l l   f o r m u l a   c a n   b e   b a s e d   o n  
f i g u r e s   6 . 1   t h r o u g h   6 . 4 .   T h e   c o m p a r i s o n   i s   b e t w e e n   t h e   c u r v e s  
l a b e l e d  "New F o r e c a s t "   a n d   t h o s e   l a b e l e d  " Y O  f r o m   M i n . "   T h e  
s m a l l   d i f f e r e n c e s   b e t w e e n   u s i n g  a l l  1 9   c y c l e s   a n d   o n l y   c y c l e s  
8 - 1 9 ,  w h i c h   w e r e   n o t e d   a b o v e ,   p r o d u c e   m i n o r   d i f f e r e n c e s   i n  
i n t e r p r e t a t i o n  i n  t h e  p e r i o d  2 9  t o  39 m o n t h s   a f t e r  maximum, 
b u t   t h e s e   d i f f e r e n c e s   f a v o r   t h e  new f o r m u l a .  
T h e   c o n c l u s i o n s   r e a c h e d   i n   c o m p a r i n g   t h e   N A S A - M a r s h a l l  
f o r m u l a   w i t h   t h e  new f o r m u l a   a r e   t h a t   t h e r e   i s   a n   o b v i o u s  
a d v a n t a g e   o f   t h e  new f o r m u l a  d u r i n g  t h e  f i r s t  c o u p l e  o f  y e a r s  
a f t e r  c y c l e  maximum. U n f o r t u n a t e l y ,   t h i s   r e s u l t  wil, p r . o v i d e  
no p r a c t i c a l   a d v a n t a g e   u n t i l   t h e   t i m e   o f  maximum o f   t h e   n e x t  
c y c l e  many y e a r s   f r o m   n o w .   L e s s   o b v i o u s ,   b u t   s t i l l   s i g n i f i -  
c a n t ,   i s   t h e   a d v a n t a g e   t h a t   f o r   t h e   f o r m u l a s   s h o w n   i n   f i g u r e s  
6 . 1   t h r o u g h   6 . 3   t h e r e   i s  a s i g n i f i c a n t l y   l o n g e r   t i m e ' d u r i n g  
w h i c h   c o n f i d e n c e   i s   g r e a t e r   t h a n   0 . 9 5   t h a t   t h e   r e g r e s s i o n  
e q u a t i o n   i s   m e a n i n g f u l .  
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It i s  f e l t  t h a t  a n o t h e r ,  m o r e  s u b t l e ,  a d v a n t a g e  o f  . t h e  
p r e s e n t  a n a l y s i s  a n d  f o r e . c a s t  i s  c l e a r e r  r e c o g n i t i o n  o f  t h e  
t i m e   b e y o n d   w h i c h   u s e   o f   t h e   r e g r e s s i o n   r e l a t i o n s h i p   i s   n o t  
j u s t i f i e d .  We r e c o m m e n d   t h a t   b e y o n d   t h a t   i m e   t h e   c h a r a c t e r -  
i s t i c s  o f  t h e  mean c y c l e   s h o u l d   b e   u s e d   f o r   t h e   f o r e c a s t ,  
r a t h e r   t h a n   p l a c i n g   t o o   m u c h . d e p e n d e n c e   o n  a f o r m u l a   t h a t   h a s  
n o t   b e e n   s h o w n   t o   h a v e   s i g n i f i c a n c e .  
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11 . CONCLUSIONS A N D  RECOMMENDATIONS 
Although the  Zur i ch  l i s t i n g  o f   s u n s p o t   d a t a   e x t e n d s   b a c k  
i n   t i m e   f o r   o v e r  19  s o l a r  c y c l e s ,  t he  f i r s t  seven   o f   t hese  
c y c l e s   w e r e  d e r i v e d  f r o m   h i s t o r i c a l   d a t a   e x a m i n e d   o n l y  i n  
r e t r o s p e c t   a f t e r  the  sunspot   number  was d e f i n e d .  The a n a l y -  
s i s  r e p o r t e d  i n  s e c t i o n  2 showed t h a t   t h e r e  i s  s i g n i f i c a n t  
d i f f e r e n c e   b e t w e e n  the  s t a t i s t i c s   o f   t h e s e   s e v e n   c y c l e s   a n d  
t h a t  of  t he  r e m a i n i n g   c y c l e s .  T h u s  i t  was c o n c l u d e d   t h a t  
o n l y   t h e   r e m a i n i n g  1 2  c y c l e s   s h o u l d  be i n c l u d e d  i n  the  d a t a  
b a s e   t o  be a n a l y z e d   f o r   p r e d i c t i o n   p u r p o s e s .  
Because we a r e  now i n  t h e  f a l l i n g  p a r t  o f  the  t w e n t i e t h  
c y c l e ,  a n d  w i l l .  be f o r  s e v e r a l  more y e a r s  , emphasis  was p l a c e d  
o n  p r e d i c t i o n   m e t h o d s   t h a t   w o u l d  be p a r t i c u l a r l y  a p p l i c a b l e  t o  
t h a t   p a r t  o f  t h e   c y c l e .  By u s i n g   i n f o r m a t i o n   a b o u t   h e   r i s e -  
t i m e   o f   t h e   c y c l e ,   t o g e t h e r   w i t h   n o n l i n e a r   p r e d i c t o r s ,  we 
found  the  new' formula  ( F 1 4 )  o f   s e c t i o n  6 t o  g i v e  b e t t e r  e r r o r  
e s t ima tes   t han   fo rmer   fo rmulas   de r ived   f rom  the  work o f  
McNish and   Lincoln .  
N e i t h e r   t h e   f o r m e r   f o r m u l a s   n o r   t h e  new one was f o u n d  
t o  g i v e  an.y s i g n i f i c a n t  c o r r e l a t i o n  p a s t  t h e  m i n i m u m  of  one 
c y c l e  a n d  on i n t o  the r i s i n g   p o r t i o n   o f   t h e   n e x t   c y c l e .   T h u s ,  
f o r   p r e d i c t i o n s   e x t e n d i n g   t h a t   f a r ,   n o t h i n g   b e t t e r   h a s  been 
found  than t o  u s e   t h e   c h a r a c t e r i s t i c s   o f   t h e  mean c y c l e .  
S i n c e   t h e   c u r r e n t   s t u d y   i n c l u d e d  s o  wide a v a r i e t y   o f  
m u l t i p l e   p r e d i c t o r s ,   a n d   n o n l i n e a r   p r e d i c t o r s ,  i t  i s '  f e l t  t h a t  
t h e r e  i s  l i t t l e  more t o  b e  g a i n e d  f r o m  f u r t h e r  s t q t i s t i c a l  
a n a l y s e s   o f   t h e   p r e s e n t   d a t a  s e r i e s .  E x t e n d i n g   t h e   d a t a  
s e r i e s  s i g n i f i c a n t l y  w i l l  requi re  many more y e a r s   o f   o b s e r v a -  
t i o n s .  Thus we recommend t h a t   a n y   f u r t h e r  work i n  t h i s  
a r e a   s h o u l d  now b e  based  on a s t u d y   o f   t h e   p h y s i c s  o f  t h e  
phenomena r a t h e r   t h a n  j u s t  the  s t a t i s t i c s  o f  t h e  s u n s p o t  
c y c l e s .  
a 3  
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PA#p If 
Relationship  Between  Ottawa  10.7 cm Solar  Radio 
Noise Flux and  Zurich  Sunspot  Number 
Frank  Stewar't  and  Margo  Leftin 
A stat is t ical   analysis  is conducted  to  described  the  rela- 
tionship  between  moving  average  10.7  cm  solar f l u  and 
moving average Zurich sunspot numbers. Attention is given 
to  the  autocorrelation of the  observations  and  confidence 
intervals  for  the der ived relat ionships  are  presented.  The 
accuracy  of a predicted  value of 10. 7 cm  solar   f lux  f rom a 
predicted  sunspot  number is discus  sed. 
I. INTRODUCTION 
The solution of many  practical   scientific  problems  requires  an 
es t imate  of the sun's activity.  Although there are several  indices of 
solar  activity  available,   most of them do not have a long enough s e r i e s  
of observations for prediction purposes.  The Zurich sunspot numbers 
have been the most important index of solar activity. The 10. 7 e m  
solar radio noise f lux,  s ince i t  is measured objectively, would be prefer- 
able to sunspot numbers for predicting solar activity. However, t h i s  
t ime ser ies  is too short  for present prediction techniques.  Therefore,  
s ince  i t  is well  known  that  the  two  indices  are  highly  correlated,  it   was 
decided to derive a relationship between 10.7 cm  so la r   rad io  f lux  and 
Zurich  sunspot  numbers. 
Zurich  sunspot  numbers  (relative  sunspoe  numbers)  were  intro- 
duced  in 1848 by Rudolf Wolf and  expressed as 
R = k (10- g t f )  
where f is the  total  number of spots, g is the  number of sunspot groups, 
and k is the  factor  assigned to a particular  observer  (Waldmcier 1961). 
Wolf, in   his   determinat ion of the  sunspot  numbers,  used a factor  
of k=l. The method for estimating sunspot numbers was changed in 1882, 
and  to  preserve  homogeneity  with  Wolf's  original  observations, a new 
factor  of k=. 60 was  established  for  Zurich  and  has  remained  constant 
since then. 
Because of the  subjectivity  involved  in  the  determination of g 
and f,  i t  is diff icul t   to   assess   the  accuracy of the  Zurich  sunspot  numbers 
as an index of solar  act ivi ty .  The ear l ier  observat ions are  probably less  
reliable  due  to  fewer  observatories  and  the  l imitations of the  observing 
instruments.  Since,  at  present,  sunspot numbers from many observatories 
with a considerable  range of K factors   areused  to   compute  the  f inal   Zurich 
relat ive  sunspot   number ,   there  a re  still some  reservat ions as to the 
objectivity of this index. 
Observations of the  intensities of solar   radio  emissions  a t  10. 7 
cm (2800 MHz) a r e   m a d e  at the  Algonquin  Radio  Observatory of the 
National Research Council near Ottawa, Canada. The equipment used is 
a four-foot-diameter  parabolic  reflector  and  an  associated  radiometer of 
the Dicke comparison type. The solar f l u x  i n   wa t t s   pe r   squa re   me te r   pe r  
Hz bandwidth is measured  daily  in  addition  to a continuous  monitor  to 
detect  any enhanced radiation or burst  activity.  The relative errors over 
a long period of time are   es t imated   to  be about 62% (Covington, 1969). 
2. ASSUMPTIONS 
Sunspot  number  data  have  been  accumulated  for  almost  three 
centur ies  and provide the longest  t ime ser ies  of solar observations.  On 
the  other  hand,  observations of IO. 7 cm solar  flux did  not  begin  until  1947; 
therefore,  this  study is restricted  to  the  data  for  the  period  November 
1947 to November 1968. 
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Little  con,sideration  was  given  to the relationship  between 10. 7 
cm  solar  radio  f lux  and  Zurich  sunspot  numbers  for  periods less than 
one half a solar  cycle  ( I cycle M 11 years ). A s  se.en in figures 1 and 
2, many  variations  with  oscil lations of less than  one-half  cycle  can  be 
observed i n  the monthly observations.  To fi l ter  out bhese sho r t - t e rm 
variat ions i t  was decided to smooth the data over 13 months. This 
average  is defined as follows: 
where R .  is  the  observed  monthly  sunspot  number  for  month i, and Rl,,j 
is the  12-month  smoothed  mean  Zurich  sunspot  number  for  month j. 
The  12-month  smoothed  mean  Ottawa  10. 7 cm  so la r   rad io  f l u x  ( cplo,i) 
is calculated in  a similar manner. The plots of Rla, and cp12,i may be 
seen in figures 1 and 2, respectively. 
1 
In  multiple  normal  regression  theory  i t  is assumed  that  ys  the 
dependent  variable, is normally  distributed  about  an  expected  value 
with variance u2 and that all the observations are independent. It i s  
a lso  necessary  that  q be a simple  linear  function of the  independent 
var iables  X,, X,, . . . , Xn. However, there is  no requirement that  
X,, X,, . . . , X, be independent in the statistical sense. 
The  assumptions  that cp12 is normally  distributed  about  some 
expected  value q and  that q is a linear  function of the  independent  variable 
R,, were made a pr ior i .  The assuhpt ion of independent observations, 
however, cannot be postulated in this application. According to our 
definitions of R,, and cpI2, there  is certainly time dependence in both 
se t s  of observations due to the averaging o’rer a 13-month period, i. e. 
R, and q 2  are   autocorrelated  for   a t   least   12  months.  
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Figure 1. Monthly and Smoothed Mean Zurich Sunspot Numbers 
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Figure 2. Monthly and Smoothed Mean 10.7-cm Solar Flux. 
An autocorrelat ion  analysis  was performed  and  the  autocorrela- 
tion cocflic.ienLs for lags up to 36 months arc  l is ted in  Lable 1 .  Both 
indices  have a high  posit ive  correlation  for  lags  up  to 12 months  and 
are substantially correlated for t ime lags  greater  than 12 months. The 
amount of autocorre la t ion   remain ing   in   l ags   g rea te r   than   13   months  
cannot be attributed to the smoothing process. In a r igorous s ta t is t ical  
analysis  of the data, the autocorrelation should be taken into account. 
However,  for this analysis,  the additional effort  required to 
properly account for all of the autocorrelation was not feasible. Methods 
of approximation are avai lable   which  were  considered  more  pract ical   in  
this instance. 
The  effective  number of observations  must  be  reduced by at 
leas t  a factor  of 13  to  account  for  the  autocorrelation  introduced  by  the 
averaging process. One might argue that the number of deg rees  of 
freedom  should be reduced by a fac tor  of 31, but  this  would  result   in a 
conclusion that is overly pessimistic. Since it was difficult to de te r -  
mine  the  added  effect of au tocorre la t ion   for   l ags   g rea te r   than  12 and 
further,   since  the  efsect of a reduction of 1 3  is already overwhelming,  it  
was  decided  that  furtber reduction in the number of deg rees  of f r eedom 
could not be justified. This could be accomplished also by using only 
every thirteenth value in the analysis; however, the data excluded may 
contain valid information. Therefore, all the available data were used 
in  the  analysis  and  the  significance of the  re la t ionships   and  their   para-  
meters were  tested  using  the  total  number of observations  divided by I 3  
as the effective sample size. 
F r o m  a visual  examination of a plot of R, v e r s u s  via, as  shown 
i n  figure 3, a l inear fi t  to the data would appear to s a l i s f y  the relation- 
ship  adequately;  certainly  no  equation greater than a cubic would be 
necessary .  T h u s  the investigation was reslricted to a relationship of 
the following type: 
Lag 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
12 
13 
14 
15 
16 
17 
18 
Table I .  Autocorrelat ion Coeff ic ients  cplz 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
1 1  
12 
13 
14 
15 
16 
17 
18 
Coeff ic ient  
0.99s 
0.987 
0.977 
SO.  964 
0.949 
0.932 
0.91 2 
0. 891 
0. 868 
0. 841 
0. 814 
0.783 
0.751 
0.71 7 
0.683 
0.647 
0.609 
0. 571 
Lag 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
Coefficient 
0. 530 
0.489 
0.447 
0.405 
0. 362 
0. 319 
0. 276 
0. 233 
0.190 
0.147 
0.104 
0.062 
0.020 
-0.020 
-0.060 
-0.100 
-0. 137 
-0. 174 
Autocorrelat ion  Coeff ic ients   for R, 
Coefficient 
0.997 
0.990 
0.980 
0.967 
0.952 
0.934 
0.914 
0. 892 
0. 868 
0. 842 
0. 814 
0.784 
0.753 
0.720 
0.687 
0. 651 
0.61 5 
0.577 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
Coefficient 
0.537 
0.496 
0.455 
0.41 2 
0. 369 
0. 327 
0. 284 
0. 241 
0.198 
0.155 
0.112 
0.070 
0.028 
-0.01 3 
-0.053 
-0.093 
-0.132 
-0. 170 
The  individual  rising  and  declining  phases of the  solar  cycle 
were  analyzed  to  determine  whether  there  was a consistent  relationship 
among them. The divisions of the data are shown in table 2. 
Table 2 
P h a s e s  of the  Solar  Cycle 
Sample A = Nov 1947 to April 1954 (declining  part of cycle 18) 
Sample B = May 1954 to March 1958 (r is ing  par t  of cycle 19) 
Sample C = April 1958 to Oct 1964 (declining  part of cycle 19) 
Sample D = Nov 1964 to Nov 1968 ( r i s ing   par t  of cycle 20) 
3. ANALYSIS AND STATISTICAL DISCUSSION 
The  numerical   resul ts  of the  analysis  outlined  in  the  previous 
section are displayed in tables 3 through 6, respectively. The "number 
of observations" is the  actual  number of observations  in  the  sample. 
The "effective sample size" is  the number of "independent" observations 
af ter  correct ing for  autocorrelat ion as indicated previously. In the 
mat r ix  of simple correlation coefficients, the correlation is presented 
between the first-column symbols and the first-row symbols.  Under 
the heading of "Statist ics of the fi t ,  ' I  the b. are the  estimates of the Bi 
coefficients and s are the  es t imated  s tandard  e r ror  of the partial 
regression coefficient bi .  The residual variance for each equation is 
tabulated  under  its  respective  heading  and  gives  an  indication of t'he 
relative significance of the three equations. To test the significance 
of  the l d b t  coefficient  in  each  equation a student t test   was  used  where 
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Table  3 
Sample  A (November  1947 to  Apr i l  1954)  
N u m b e r  of O b s e r v a t i o n s  = 78  Ef fec t ive   Sample   S ize  = 6 
M a t r i x  of S imple   Cor re l a t ion   Coef f i c i en t s  
R12 Rl,? R,Z3. 
1 . 0  0 .975  0. 939 
1 . 0  0.991 
1.0 
Sta t i s t i c s  of t h e   F i t  
E q u a t i o n   F i r s t   D e g r e e   S e c o n d   D e g r e e  
T e r m  bi 
C o n s t a n t  6 .  0 1 2 0 7 ~ 1 0 ~  
R 19 8.47499 x 10-I  
R12 
RlZ3 
R e s i d u a l  
V a r i a n c e  7. 96 
'bi bi 
( " 1 6 . 4 3 8 3 8 ~ 1 0 ~  
( 6 . 4 6 ~ 1 0 - ~ )  6. 64028x1 0 71 
1.  17764x1 0-3 
3. 70 
tc la 
0 . 9 9 8  
0 . 9 8 4  
0 . 9 5 3  
T h i r d   D e g r e e  
'bi b i 'bi 
( " 1 6. 51 71 3x101 ( " 1 
( 2 . 0 0 ~ 1 0 - " )  5 . 9 7 3 8 8 ~ 1 0 "   ( 5 . 4 1 ~ 1 0 ~ )  
(1.  2 5 ~ 1 0 ~ ~ )  2. 3 1 7 4 9 ~ 1 0 - ~  (8. i O S I O ' * )  
-5.06868XlO? (3. 8 3 ~ 1 0 - ~ )  
3. 67 
Table  4 
Sample B (May 1954 t o  March  1958) 
Number  of Obse rva t ions  = 47 Effect ive  Sample  Size = 4 
Matr ix  of S imple   Corre la t ion   Coeff ic ien ts  
la R1Z2 Rla Q12 
1.0  0.976  0.937  0.999 
1.0  0.990  0.985 
1.0  0.952 
Sta t i s t i c s  of the Fit 
Equa t ion   F i r s t   Degree   Second   Degre  
T e r m  b i 
S 
bi 
b 
i 
Constant  6. 2 4 3 7 8 ~ 1 0 ~  ( " 1 6. 6 8 6 3 0 ~ 1 0 ~  ( " 1 
R12 8. 81635x10-1 (6 .  4 8 ~ 1 0 - ~ )  6. 97585x10" (9. 7 8 ~ 1 0 - ~ )  
Residual  
Var iance  10.9 ~ 
9.  00918X10'4 (4. 6 7 ~ 1 0 ' ~ )  
1 .17  
T h i r d   D e g r e e  
b 5 
1 bi 
6 . 6 7 5 5 8 ~ 0 ~  ( " 1 
7. 061  94x1 0-1 ( 2 . 5 3 ~ 1  O - a )  
7. 93299x10-4   (2 .94~10 '~ )  
3.43814~10" (9. 28x10") 
1.20 
Table 5 
Sample C (Apri l  1958 to October 1964) 
Number oi Observations 79 Effective  Sample  Size = 6 
Matrix of Simple  Correlation  Coefficients 
1.0  0.977  0.938  0.999 
1.0  0 .989  0 .981 
1 . 0  0 .943  
Statistics of the Fi t  
Equation  First  Degree  Second  Degree  Third  Degree 
T e r m  bi 
S 
bi 
b s b 5 bi i 1 bi 
Constant 5. 6 1 0 0 3 ~ 1 0 ~  ( " 1 5.  89609 x1 O1 ( " 1  6. 5 2 5 9 7 ~ 1 0 ~  ( " 1 
Rl2 9 . 4 5 0 0 9 ~ 1 0 ' ~  (4. 7 2 ~ 1 0 ~ ~ )   8 . 4 5 5 1 7 ~ 1 0 - ~   ( 1 . 9 0 ~ 1 0 - ~ )   4 . 9 0 7 0 3 ~ 1 0 - ~  (2. 35x10") 
R,2 5 . 0 5 8 9 8 ~ 1 0 - ~  (9.  4 6 ~ 1 0 - ~ )   4 . 9 7 2 4 6 ~ 1 0 " ~  (2. 7 7 ~ 1 0 - ~ )  
RIa -1. 5 0 2 3 2 ~ 1 0 - ~  (9. ~ O X I O - ~ )  
Residual 
Variance 6. 58 
4. a4 1 . 0 8  
Table 6 
Sample  D (November 1964 to  November 1968)  
Number  of Obse rva t ions  = 49  Effective  Sample  Size = 4 
M a t r i x  of S imple   Corre la t ion   Coeff ic ien ts  
R 12 R,2 a R,, 'c 12 
12 1.0   0 .983   0 .951   0 .996  
Rl2 a 1 . 0  0 .991   0 .974  
R H  1 . 0   0 . 9 3 5  
S ta t i s t i c s  of the   F i t  
Equat ion First Degree   Second   Degree  Third D e g r e e  
T e r m  b i 
S 
b i  b i 'bi 
Constant  6.40477 x1 O1 ( " 1 6 .  15553x1 O1 ( " 1 7. 1 0 1 8 9 ~ 1 0 ~  ( " 1 
Rl2 8. 24179x10-1  (l.O3xIO-") 
Rl2 - 1 ,  14068x1 0'3 (4. 3 8 ~ 1 0 ' ~ )  1. 50889x10'' (2.  11 X l O + )  
Rla3 - 8 . 9 2 1 0 2 ~ 1 0 ' ~  (1. 15xlO-') 
9. 6 0 2 0 7 ~ 1 0 ' ~  ' (5 .  31 X ~ O - ~ )  1.   42629x10-1  (1. '1.1~10'~) 
Residual 
Var i ance  7.11 6.  33 2.76 
1.onsidt-r Lhc third dcgrec :?quation whilc sanlplcs A and C have t values 
of 1 .  3 and 16. 3 respectively. 
Table 7. t Values for Testing the Significance of the Last Coefficient 
Equation 
Sample 
F i r s t   deg ree  Second  degree Thi rd   degree  
t V t V t V 
A 131.  2 (4) 9 . 4  (3) 1 . 3  (2) 
B 136. 0 (2) 19. 3 ( 1  1 " _  ( 0 )  
C 200. 2 (4) 5 .  3 ( 3 )  16.  3 (2) 
D 80. 0 (2) 2. 6 ( 1  1 " _  ( 0 )  
With the exception of sample Cy the null  hypothesis that  e3 = 0 
in  the third degree equation, is  satisfied at the 5% level of significance. 
The same hypothesis  applied  to  the  last  coefficient of the  second  degree 
equat ion is  re jected in  a l l  cases  except  D. Although there is  st i l l  
substantial  autocorrelation remaining after reducing the sample size by 
a factor  of 13, it was decided that the second degree equation adequately 
represented the data in samples A, By C, and D. 
A fur ther   tes t   was  necessary  to   determine  whether  a single 
second degree equation could be applied to all ' the samples.  The 
hypothesis that all the second degree equations are f rom  the   same 
population  was  tested by the  formula, 
(b-4 - b-;) . A I  ' A -  (Bennett,  Franklin]  1954) 
wh1c.h approximates  thc t-distribution  with  vdegrecs of f reedom  where 
i s  c i v e n  by 
and v1 = (n,- 3) ,  va= ("a - 3 )  fo r  a second  degree  equation. 
Table 8 displays  the t value  for  each b, and b, coefficient  for 
the four second degree equations. The number of degrees  of f r eedom 
associated  with  each t value is tabulated  in  parentheses. 
Table 8. t Values for the b, and b, Coefficients of the Second 
Degree  Equation 
-1 b 
A B C 
D 5. O (  1 )  4. 9(1)  2.0(1). 
C .  6 .   6 ( 6 )  6 .  3 ( 6 )  
B 1 .  5(4) 
- b, 
A B C 
D 5. O( 1 )  4. 6 (  1 )  3.  7( 1) 
C 4. 3 ( 6 )  3. 7(4) 
B 2. l(4) 
Comparing  the t values  in  table 8 with a set  of standard t values, 
at the 5% significance  level  we  conclude  that  the b, and b,' coefficients 
for  samples  A, B, and D are from the same population. Both coeffi- 
c ients   for   sample C appear  to  be  significantly  different  and  therefore, 
i t  is  not conclusive that they are from t'he same population. The 
s ta t is t ics  would seem to indicate that there is no systematic   re la t ion-  
ship between the four half-cycles. In fact, a different equation would 
be  necessary  to   represent   Sample C. 
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For practical  considerations this i s  not very useful since the 
relationship cannot be determined until after the observations are  made. 
To obtain a useful  relationship  for  predicting  solar  f lux,  i t  was  decided 
to combine all the available data and form one large sample.  This was 
justified  by  the small number  of  effective  independent  observations  in 
the samples A, B, C ,  and D and the fact that there is significant auto- 
correlation sti l l  remaining. Regression equations,  up to the third 
degree, were fitted to the new sample. The results of these analyses 
are shown in table 9.  The effective sample size in this case was 23. 
F o r  the  third  degree  equation  there  were 19 deg rees  of f reedom  and 
the t value at the 570 significance level was 2. 093. F rom t ab le  9 the 
calculated t value  for b, was  2. 86 and thus the pooled data is not  cbnsis- 
tent with the null hypothesis that p3=0. However, the second order 
equation with t=l3. 53, is. considerably  more  significant  than  the  third 
order  equat ion.  Furthermore,  the reduct ion in  the residual  var ia t ion 
due to the third degree is so small that it was concluded that the second 
order  equation  sufficiently  represented  the  independent  variations  in  the 
data. To illustrate this, the 95% confidence intervals (based on the 
effective sample size) for the ordinate to the true regression line were 
constructed and plotted for samples A ,  B, C ,  D and the pooled sample. 
The plots of the data,  the regression l ines,  and the 9570 confidence 
bands are  presented in figures 4 through 8. The confidence limits in 
figure 7 seem  rather   extreme  a t   f i rs t   g lance;   the   explanat ion  for   this  is 
that  the  effective  number of independent  observations i s  only 4 and  the 
large variance due to the restricted range of that  particular sample.  
The confidence limits in figure 8 are   narrower  than  f igures  4 through 7 
and can be explained by the larger  effective  number of independent 
observations. The confidence intervals plotted in figures 4 through 8 
are   l imits   for   the  t rue  mean  qand not for  an  individual  predicted Y.  
L 
100 
Equa  tjon 
Table 9 
Pooled Sample (November 1947 to November 1968) 
Number of Observations = 253 Effective  Sample  Size = 23 
Matrix of Simple  Correlation  Coefficients 
R1a Rl, R12 %a 
R la 1.0 0.964  0 .902 0 . 9 9 7  
R1Z2 1.0  0 .983 0 . 9 7 5  
RlZ3 1.0  0.920 
First   Degree 
Statistics of the  Fit 
Second  Degr e  Third Degree 
Constant 5 . 9 0 5 8 8 ~ 1 0 ~  ( " 1 6. 37451 x1 0' ( " ) 6 . 5 1 0 6 6 ~ 1 0 ~  ( - -  1 
Rl2 8 . 9 5 3 9 3 ~ 1 0 - 1   ( 4 . 4 6 ~ 1 0 ~ )  7. 2801 .5~10-~   (1 .  28x10-') 6 . 4 1 0 1 4 ~ 1 0 ' ~  (3. 28x:AO-a) 
Rl, a 8. 9 0 4 4 3 ~ 1 0 - ~  (6. 5 8 ~ 1 0 - ~ )   2 . 0 0 1 3 8 ~ 1 0 ' ~  (3. 92X10-4)  
R,, -3.  72201x10''  (1.  3OxlO-') 
Residual 17.13  
Variance 
9.93 9 .  65 
Smoothed  Mean  Zurich  Sunspot  Number 
Figure  4. Data and Fitted 2nd Degree Equation with 95'70 Confidence 
Intervals   November 1947 to  April  1 9 5 4  
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Figure  5. Data and Fitted 2nd Degree Equation with 9570 Confidence 
Intervals May 1954 to March 1958 
a 
Q) 
0 
0 
VI 
6, 
E 
Smoothed  Mean  Zurich  Sunspot  Number 
Figure  6. Data and Fitted 2nd Degree Equation with 95% Confidence 
Intervals  A p r i l  1958 to October 1964 
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Figure  7. Data and Fitted 2nd Degree Equation with 95% Confidence 
Intervals.  November 1964 to November 1968 
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Using  the  second  degree  relationship  derived from the  pooled  sample 
as the  best   approximation  to  the  true  relationship  between cp, and R, , 
we have the following equation: 
cp, = 63. 7451 t 0. 728015 R, t 0. 000890443 (R,,), ( 1  1 
This  second  degree  equation  was  compared  with  an  expression  described 
in  a NASA repor t  (T. J. Richards, 1965) whic'h consists of the following 
three straight l ine segments 
cp, = 68.0 t 0.60 R,,, 0 c R,, 5 30 
cp, = 60.0 + 0. 825 R,, , 30 < R,, 5 70 
%a - 50.0 t 0.967 R,,, 70 < R,, I 200 . . . 
The  curves  in  f igure 9 show  that  there.is   l i t t le  difference  between  values 
of ep,, der ived   f rom (1)  and  (2)  for  any  given  values of R,, f r o m  0 to 200. 
4. PREDICTION  RELIABILITY 
The  discussion  up  to  this  point  has  been  concerned  with  establish- 
ing a relationship between cpla and R,, . The validity of using this relation- 
ship  for  predicting ep,, f r o m  a predicted  value of R1, must  be  considered. 
F o r  a predicted value Y ,  der ived   f rom a predicted value X, we have the 
following: 
V a r [ Y ]  = E[(Y - pY),] = E[Var ( Y  \X)] + V a r  [ E ( Y  IX)], ( 3) 
where u is  the mean value of Y. This relationship is der ived in  
Parzen (1962), page 55, equation ( 2 .  25). F o r  a second degree polynomial 
relationship  such as  ( l ) ,  we have for the second part of (3 )  
Y 
Var [+  = V a r [ a ,  t a,X t a,XaJ = a12 V a r [ ~ ]  + Var[X*] + Za,a2Cov[X, Xz]. 
I 
u k: 
c 
Smoothed  Mean  Zurich  Sunspot  Number 
Figure 9. Comparison of the Second Degree.and Three Straight Line Se_ement Expressions 
for  the  Relationship  between  Smoothed  Means of Ottawa 10. 7-cm  Solar  Radio 
Flux and of Zurich Sunspot  Number. 
If normality of X is assumed,  we have 
var[+ ,j = valuI2 -t a, ( 2p2 4va ) + 4u,ua~1 I 
where 
F o r  the f i r s t   pa r t  of (3) we  have 
E[var(Y \X)] 5 V a r  [Y \X = x] , 
where . 
I 
M 
(X-32 (Xi" -2(X-X)(X" "2 c x ' i = l  
M M 
(x. -X)" (Xi" -,2)2 
1 
i = l  i= 1 
M 
(xi-x)(xi?-JT 2) -t (X" -51")"  c 1= I 
i= 1 t' 
(5) (Hald 1952) 
and M i s  the  number of independent  observations  used  to  establish  the 
relationship  between Y and X. 
To illustrate  the  magnitude of the  variance of a predicted  value 
of VIS the following approximations were made: 
E[X] = E[R,,] predicted  sunspot  number (k12) 
V a r  [X] = Var[R,,] s est imated  var iance of the  predicted 
n 
n 
value of R,, 
U 2 Y  \x estimated  variance  about  regression  equation ( 1 )  
Sample variance of p12 = 2 . 7 5  x 10" 
Sample variance of R,, = 3.41 X 10' 
A 
The  predicted R,, for   Apri l  1970 based  on  observed Rlo for   October  
1969 was 97.  5 and  the  approximate  var iance of the  predicted  number 
was 37. 6. The above values were based on the McNish-Lin'coln method 
using cycles 8 through 19 (Stewart and Ostrow, 1970).  Substituting 
these  values into (4) we obtained the following:, 
Var[py ,x] = 37 .6   [ (72 .  801 5 X 1 0-2)2 -I (89.0443 X 1 0-5)2 ( 2  X 3 7 . 6  t 4 X 97. 52) 
With X = 97.5,  M = 23 and ba = 9.93, we find that 
Y IX 
V a r  [ Y I X  = x] = 9.93  [ l .  11931 = ' 1 1 .  11 . 
Therefore ,  the var iance of rp, is  4 1 . 7 .  Thus we see that the variance 
of the  predicted  sunspot  number  in  this  example i e  0 . 9 %  of the  total 
variance  of R, while the predicted 10. 7 cm  . so la r  f l u x  in  the  example 
has  a variance  which is 1.  57'0 of the  total  variance of cpl,.. A s  one 
would  expect  using  this  sort of scheme,  the  predicted  value of cp, 
has   more   re la t ive   uncer ta in ty   assoc ia ted   wi th  i t  than  the  predicted 
value of €I la ,  This  a l so  demonst ra tes  tha t  the  e r ror  
with a predicted  value R,, cannot  be  used to descr ibe  
a value of GlZ predicted from that  par t icular  Ria. I t  
n 
A 
A 
interest   that   most of the  variance  in  predicting cplz arises from  the 
uncertainty  in  the  predicted  sunspot  number  rather  than  from  the 
variabil i ty of q12 for  a known  sunspot  number, 
bounds  associated 
the reliability of 
is of considerable 
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5. CONCLUSIONS 
Using  observed  dhta  from  November 1947 to  November 1968 i t  
was  determined  that  a second  degree  'equation.  best  described  the rela- 
tionship between qla and R12. This  relationship  was  selected  in  prefer- 
ence  to  the  others  investigated  on the bas is  of the  statistical  evidence 
and the highly positive correlation of the observations. No systematic  
relationship  for  the  rising  and  declining  phases of the  solar  cycle  could 
be  determined  due  to  the  l imited  sample  size  and  the small number of 
effective independent observations.  Furt 'her research should be con- 
ducted to eliminate all of the autocorrelation. It is  conceivable that 
the  additional  statistics  would  add  further  support  to  these  conclusions 
and  might  present  evidence  that  only a l inear  relationship  is   justif ied.  
This  second  degree  relationship  can be used to  predict cpla f r o m  
a predicted value of R,, . Since most of the variance associated with 
the  predicted  value of rp, r e su l t s   f rom the  prediction of R,, , the  variance 
of the  predicted  value of cp, is only  slightly  greater  than  the  variance of 
the predicted R12. In addition, i t  should be noted that the variance of the 
predicted cp, must  be  greater  than  that of the predicted value of R,, . 
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